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Lattice Gas Generalization of the Hard 
Hexagon Model. III. q-Trinomial Coefficients 
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In the first two papers in this series we considered an extension of the hard 
hexagon model to a solvable two-dimensional lattice gas with at most two par- 
ticles per pair of adjacent sites, and we described the local densities in terms of 
elliptic theta functions. Here we present the mathematical theory behind our 
derivation of the local densities. Our work centers on q-analogs of trinomial 
coefficients. 
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1. I N T R O D U C T I O N  

This is the th i rd  pape r  in our  series (1'2) on lat t ice gas genera l iza t ions  of the 
hard  hexagon  model .  In  the first p a p e r  we no ted  that  it might  be poss ible  
to find solvable  square- la t t ice  s ta t is t ical  mechanics  models  co r r e spond ing  
to G o r d o n ' s  (3m genera l iza t ion  of the R o g e r s - R a m a n u j a n  identit ies.  This 
idea  was s t rongly  suggested by  the in t imate  connec t ion  between the 
R o g e r s - R a m a n u j a n  ident i t ies  ~5,6) and  the or iginal  so lu t ion  of the ha rd  
hexagon  model .  (7) 

In  the first pape r  (I) ( subsequent ly  referred to as I)  we ob ta ined  the 
so lu t ion  of the s t a r - t r i ang l e  re la t ion  in the case of two par t ic les  per  site and  
we found the local  densit ies for each of the four regimes as mul t ip le  sums. 
We note  tha t  K u n i b a  et al. i ndependen t ly  ob ta ined  this so lu t ion  of  the 
s t a r - t r i ang le  re la t ion,  and  tha t  it has now been further  general ized,  (8 12) in 

par t icular ,  to an a rb i t r a ry  n u m b e r  of par t ic les  per  site. In  the second 
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paper (2) (subsequently called II), we presented the local densities for the 
four regimes in terms of elliptic theta functions and deduced the critical 
behavior. Here we give the mathematical derivation of the results in II. 

Surprisingly, the extensive literature on q-series and elliptic theta 
functions failed to provide the mathematical tools necessary for our 
derivations. Briefly, what is needed is a q-analog of trinomial coefficients, 
i.e., the coefficients of x j in ( l + x + x 2 )  ". The literature is sparse on 
trinomial coefficients perhaps because they lack both depth and elegance. It 
was consequently a great surprise to us that q-analogs of trinomial 
coefficients were both the key to the mathematics of our model and fairly 
complicated mathematical objects. 

Very recently in a brilliant tour de force, Date et aL (2~) have 
generalized the problem yet further, to a double hierarchy of models 
specified by two-integer L and N, where L -  3 ~> N ~> 0. They have shown 
that the star-triangle relation is satisfied, and derived (by a method dif- 
ferent from ours) the local densities. 

2. q - T R I N O M I A L  C O E F F I C I E N T S  

2.1. Fundamenta ls  

We begin by considering the polynomial (1 + x + x2) ". The coefficients 
of the expanded form of this expression are called trinomial coefficients. (13) 
We shall not follow Comtet's notation exactly, since a variation seems 
more natural for our purposes: 

( l + x + x 2 )  " =  L ( n ) x S + ,  (2.1) 
i= - J 2 

By double applications of the binomial theorem to the second and 
third expressions in 

(l -I-X-[-X2) n =  [1 +x(1 + x ) ] "  = [(1 + x ) 2 - x ] "  (2.2) 

we find by coefficient comparisonJ that 

n = ~ h! ( h+ j ) !  ( n - j - 2 h ) !  
J 2 h>~O 

= t-1)h(')( 2 n -  2h ) 
h>~o \ h i \ n - j - h i  

Furthermore, we easily deduce from (2.1) that 

(2.3) 

( 2 . 4 )  

,25  
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and 
n n - 1  - n - 1  

(2.6) 

Equations 
these lead to six apparently 

where 

(2.3) and (2.4) provide two representations of (~)2, and 

m; B; q)  : 2 
A /2 j>~o 

To(m, A, q)= 
j = 0  

Tl(m , A, q)= Z 
j = o  

to(m, A, q)= 
j = o  

tl(m, A, q)= 
j 0 

to(m, A, q) = 
j-O 

distinct q-analogs: 

qJ(S+B)(q)m 

(q)j(q)j+A(q)m 2j A 

m ( - - 1 ) J [ j ] q 2 [  2mmA2jj] 

m 

m ( - -1 ) Jq j2[ j ]q2[2mA2j j ]  

j q2 [ m - A - j J  

( _ l ) / q m j  (~)Fm]~ 2m-2j l 
L j J L m - A - j I  

B q= = j = l  ( 1 - q  j) 

(A;q)n=(A) = ( I _ A ) ( I _ A q ) . . . ( I _ A q , ,  1) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

If q = 1, then each of the above polynomials is equal to (~)2 by (2.3) or 
(2.4). We next establish the analogs of (2.5) and (2.6) that will be impor- 
tant to us. 

First we note that each of (2.8) (2.12) is symmetric in A and - A .  As 
for (2.7), we note 

(m;BAq)  = ~ qJ(S+e)(q)m 
2 j>~o(q)J(q)j A(q)m--2S+A 

q(j+ AXj+ A + m(q)m 

= ~" (q)S+A(q)s(q)m 2j A j>~ O 
=qA(A+m(m;B+2A;q)  

A z 
(2.15) 
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2 .2 .  R e c u r r e n c e s  

There are numerous analogs of (2.6). We present several. First, 

T1(m, A, q) = Tx(m - 1, A, q) + qm+ ATo(m -- 1, A + 1, q) 

+ qm ATo(m_ 1, A -- 1, q) (2.16) 

The proof of (2.1) is somewhat intricate: 

T l ( m -  l, A, q) + qm+ ATo(m-- l, A + l, q) 

= ~ ( - - q ) j [ m ; l l  ( I  2m--2j--2 1] qm+a jF2m--2j - -2]  "] 
j>lO q2 m + A - - j - l a  + [ _ m + A - j  JJ 

: y' ( - - q ) ' [ m j l  I F 2 m - 2 j - 1 ]  
j>o q2 [_ m + A - j  J (2.17) 

[by Ref. 4, p. 35, Eq. (3.3.4)] 

Hence 

Tl(m, A, q ) -  T~(m- 1, A, q ) - -q '+ATo(m-  1, A + 1, q) 

= ~ ~-q"ETJ F2ma~ 1 
/>o q2 L m + A - j J  

- Z ( _ q ) j [ m - 1 ]  [am -- 2j--1]  
j>o j AqaL m+ A - j  A 

~ ~ 1,,[m-'] (q)am_aj_l[(1-qa")-(1--q ' '-A J)] 

s>~o q2 (q)m+A--s(q)m A j 
[ ; ] qm--A--j[l qm+a+S] = ~ (_q)S m 1 (q)>~-aj-1 

j>o q2 (q)m+a--j(q)m a j 

:qm ~ ~_l,,[m-~ 1 
j>o j q2 

(q)am_aS_,[(1--q m+A J)+qm+A-S(1--qaj)] 
X 

(q)m+ a-- s(q)m-- a-- i 

j>o q2 m + A - - j - - l j  

+ z ~-~'[m-1]  r ~m-~ l~ 
s>~o j - -1  q a L m + A - j J  j 
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= qm_A { 2 (_l)jlm;1]q212~A2j--1 ] 
j~>0 - - j - - I ]  

_ ~ ( _ l ) J q , , , + A _ ; _ , [ m ~ l ]  [ 2m--2j__'~. 2 ]}  
j>~O q2 m + A 1 

j~o q2 m + A - j - 2 J  

= qm ~TO(m--  1, A -- 1, q) [by Ref. 4, p. 35, Eq. (3.3.4)] (2.18) 

as desired. 
A second q-analog of (2.6) is 

To(m, A, q)= To(m- 1, A -  1, q) + qm+ ATl(m-- 1, A, q) 

+qZm+ZATo(m-- 1, A + 1, q) (2.19) 

The proof of (2.19) relies on the proof of (2.16); namely, by (2.17) 

To(m, A, q)--qm+ A[Tl(m-- 1, A, q) + qm+ AT(m-- 1, A + 1, q)] 

j>>-o j u 2 m+ A j 

r2m 2J 11 
j>~o q2[_ m + A - - j  J 

= ~ ( _ l ) j [ m - - 1 1  (q)2m--2j 1E(1--q2m)--qm+A+J(1--qm--A--J)] 
j>~O j q2 (q)m+A--j(q)m--A--j 

j>~O q2 (q)m+A-j(q)m-A - j  

= q-m+A[q'~-ATo(m-- 1, A-- 1, q)] 

Eby the last six equations in (2.18)] 

Next we consider some recurrences that reduce to tautologies when 
q = 1. First, 

Tl(m, A, q)-- qm- ATo(m, A, q ) -  T~(m, A + 1, q) 

+qm+ A+lTo(m, A + 1, q)=0 (2.20) 
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We prove this in two steps: 

T1(m, A, q ) -  qm aT0(m ' A, q) 

= ~ , q,'Eq I~m -~' 1 ,~-q~-~ ' ,  j>~o j q2 A - - j  

= ( 1 - - q R m ) ~  
j~>0 L J J  q: L m - A  - j -  l J  

,Eo-,] ~2~-2,-17 
= (1--q2m) ~ (--q) j q~L m + A - j  J 

j > 0  

(2.21) 

Also, 

Tl(m , A + 1, q) -- qm + A + ~ To(m, A + 1, q) 

j>o j q2 m + A + l - j  

j>o q2[_ m+ A - j  

Equation (2.20) now follows by substracting (2.22) from (2.21). 
Next we have two identities for (n;AB;q)2: 

( m ; B -  1" q)2+qB(1--qm)\  A + l  q)2 

< 2; q) =q~ ~ < ";2; q)2+ ,, q~, (o ~ "; q)2 

Each is easily proved. First (2.23): 

m; ~-~;~ _(m; ~;q) 
A ]2 \ A 2 

qJU + B - ~)(q)m( 1 -- q J) 

= 2 ~ . + Z X Z 2 5 , - _ ;  j>~0 

q(j + 1)(i+ e)(q), n 
= 2  

;>~o(q)j(q)j+a+,(q)m-2; A 2 

= qB(1 - -qm) (m- -1 ;B+l ;q  ) 
A + I  " 2 

(2.22) 

(2.23) 

(2.24) 
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Now, by (2.24) 

qm  (m B;2;q)2 
= ~ qjU+m(q)m(l__qm-Zj A) 

j>O (q)j(q)j+A(q)m 2j A 
qj(j + B) 

= (1--qm) ~ (q)m 
s~>o (q)i (q)j+A (q)m-2j A - 1  

= (1--qm)(m-1;B;q) 
A 2 

We close this subsection with restatements of (2.16), (2.19), and (2.20) 
for the (m~;q)2 and we add two further recurrences: 

A q)2 

+qA A + I  2 + A - 1  2 

(m;A; q)2=qm- A (m--1; A--1; 
A - 1 q)2 

A A + I  2 

(m;A;q)z+qm(AA;q~ _ ( m ; A +  1; ( m - 1 ; A -  
+1 J2 A + I  q)2 -qm A\ A + I 1;q)2=0 

(2.27) 

A q)2 +qm-A A + I  ]2 

q_qm A(m--1;B--1; 
\ A -- 1 q)2 (2.28) 

\ A -- 1 q)2 

+ q,,+ ~ (m-1; B + l; q) (2.29) 
A + I  2 
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Now (2.29) is merely (2.28) with A replaced by - A ,  B by B - 2 A ,  and 
(2.15) applied. As for (2.28), we see that 

m;B; q) 
qj(j+B)(q)m_ [(l__qm)__(l__q~--2j A)] 

E 1 
j>~o (q)j(q)j+A (q)m-2j A 

E qJ(j+B)(q)m 1 qm--2j--a[( 1 -qO+qJ( 1 _qj+A)] 
j>~o (q)j (q)j + a (q)m- 2j- A 

q ( j +  1 ) ( j +  1 + B ) + m - -  2 ( j+  1)- A(q)m = 2 1 
j ~ O  (q)j(q)y+A+l(q)m-1 2j ( A W l )  

qjU+8 1)+m A(q)m 1 

j~>o 

A + I  ]2 + A - 1  2 

which proves (2.28). 

2.3. Generating Functions 

The generating function for (~)2 is quite simple and is given by (2.1). 
The related generating functions for the q-analogs are not so simple; 
however, they prove useful in applications. 

Recall the q-hypergeometric function (Ref. 14, p. 65) given by 

r(gs (al, a2 ..... a,; q, t) ~ (a,), (a2),'"(ar), t" (2.30) 

Then 

i 
A =  n 

x +Aq, ,(n Ar;q)A 2 q'n X' nr20 (q n X;qO xqr) (2.31) 

To see this, we observe that 

xn+Aq(~)(n;AAr;q)2 
A ~  n 

j>~O 

xAq(A)+*F n-j] 
A= - .  Lj+AA 

[by (2.7)] 
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= 2 q:~j-r) . x" ~ _j)./ n j 
j > ~ O  A = - c o  

""Jr[; ? = 2 q : ' x ' - J ( - x ) . - j  
j>~O 

[by Ref. 4, Theorem 3.3, p. 36] 

J + "  
= 2 q' 2 ,-("-J)~ xJ ( -x ) j  

j>~O 

: q(n+l) . . . . . .  2~1(q -n, --x;q,o - -xqr )  

We atso have 

X"+ Aq(~2)%(n, A, q) 
A= --n 

= q : ~ x'+Aq (:) Z (--1)"-Jq-(2;) 
A . . . .  S ~ > o  A + j  

I~'] ~ Xx-Sq(~2J)[ ~ ]  = q z("+') ~ (_ l ) . -Sq- (S?  ') x" 2 
j ) O A= --co 

j~O 
n - -n)  +1 (q . j ( - x ) : ( - x - l q ) s q i  ( .... J) 

= ( - x ) " q  ( : ) Z 
j~o (q)y 

(n~ l) iimo 3~)2 ( q - n  , --X, - x - - l q ;  q, z -~q  ") (2.32) = ( -x)"  q _~, r_lq 

2.4. Iden t i t i es  

There are really only two families of polynomials of interest in 
Eqs. (2.7)-(2.12). The apparently different polynomials listed there are 
related by the following identities: 

Ti(m,A, q-l)=qA2-"2ti(m, A, q), i=0, 1 (2.33,) 

(m; A-A i; q2): =@A-m't,(m, A, q), i=0,1 (2.34~) 

%(m,A,q)=(m;A;q '}  a t  A I (2.35) 
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Identity (2.33) is quite easy. One merely replaces q by q I in (2.8) and 
(2.9) and then simplifies by using the trivial identity 

B q-~=q 

To prove (2.34) it is necessary to prove a third identity also. Define 

t2(m,A,q)= ~ (_l)Jq2 J[m] F 2 m - 2 j l  
j>o j q2 l_m- j -AJ  

(l+q2A--qm+A+S--l--q m+A J) 
x ( l_q2m 2j ,) (2.37) 

We shall prove (2.34) simultaneously with 

( m;A-2;q2 2 =qa-mt2(m'A'q) (2.38) 

We note directly from the relevant definition that 

(m;B;q2) 
= to(m, m, q) = tl(m, m, q) = tz(m, m, q) = 1 

A 2 

and 

m; = to(m, - m ,  q) = 
~ m ~  

q2] 
1 

--m /'2 

(m;--m--1;q2) =q-zm=qC m) 

(m;--m--2;q2) -4m q-2m(l+q 2m'q e=q = (l__q2m 1) 

= q(-m)-m~e(m, --m, q) 

Hence (2.340), (2.341), and (2.38) are valid for A = _m, and for tA[ > m  
they are the tautology "0 = 0." 

We proceed by induction on m. If m = 0, then either A = 0 or [A > 0 
and both these cases have been established above. By (2.23) with B =  A, 

m;A-- �9 �9 _q2m)(m--1;A 1; A l 'q2)2=(m'A; + A q2)2+q2A(1 A + I  q2)2 (2.39, 
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By (2.23) with B = A -  1 

m; A - 2; A - 
A q2)2 

( m  - 1; A;  
+q2(A-l)(1--q2m)\ A + I  q2)2 (2.40) 

And by (2.24) with B = A 

A 2 A + (1--q2m) 1;A;q2 
2 A 2 

(2.41) 

Now Eqs. (2.39)-(2.41) can be viewed as recurrences that relate 

( m ; A - i ; q 2 ~  ( i=0 ,  1,2) 
A J2 

to the same q-trinomial coefficients with m replaced by m -  1. Furthermore, 
if we regard (2.39)-(2.41) as a linear system in 

m; q2| (i = 0, 1, 2) 
A i; \ 

A /' 2 

then the determinant of the system is 

- 1  1 0 = 

0 -1  1 1 --q2m 2A (2.42) 

I 1 0 __q2m--2A 

and this expression is nonzero unless A =m;  however, we have already 
disposed of the case A = m. Therefore, if we can establish that the right- 
hand sides of (2.34o), (2.341), and (2.38) satisfy (2.39)-(2.41), then we will 
have proved the necessary and sufficient recurrences for the induction step 
passing from m -  1 to m. We have 

qA mtl(m ' A, q) - to(m, A, q) 

= q ~ - "  ~ ( - 1 ) J q s  l 
j>~O j q2 

I m - A - j J [ - ( 1 - q 2 j ) + q 2 J ( 1 - q m  A j)] 

~ qA--m(1--q 2m, E (-- ' 'Jqfl-Jlm--11 r 2m--2J ~ 
j~o j - -1  q2[_m--j--AJ 

s~o q2 [_m--j--A--  l 
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=qAm~lq2m,(~ ~ 1,,q,2+,[m ' 1 r 2 m ~ l  1 
j>~o j q2[m- j - -A- -1]  

j>~o q2 [ m -  j -  A - 11,1 

=q~ m,,q2m, Z ,,,,q,~+,[m;'] C ~m 2'-2 l qm ' + ~  

j>o q2 [ _ m - j - A  - 2 J  

[by Ref. 4, p. 35, Eq. (3.3.3)] 

= q2A(1 _qZm) to(m_ 1, A + 1, q) (2.43) 

which is (2.39) 
Next we treat (2.41): 

to(m, A, q ) -  (1--q2m) to(m_ 1, A, q) 

,j / I -m]  [- 2m--2j 1 
= 2 ( - 1 ) q  LjJ.2Lm-j-A/ j~O .Em] F2m-2,-2~ 

- ~ ( -1)Sq  / ( 1 - q  2m 2 0 L m _ j _ A _ l  j 
j~> 0 j q2 

(q)zm-2j-2(1- qZm- 2j) 

j>o - q2 (q)m-j-A(q)m-j+a 
x[(l__q'2m-2j-1)__(l__qm-j A)(l__qm j+A)] 

=qm-A ~ ( _ l ) J q / - j [ m  1 
j~O j q2 

F 2m-2j  ](l+q2A--qm+A-J l__qm+A j) 
X L m _ j _ A  j (1 _ qZm 2j--1) 

= q2m 2A[qA mt2(N ,A, q)] (2.44) 

which is (2.41). 
Finally, we consider (2.40): 

qA --mtl(m ' A, q) -- qA mt2(m ' A, q) 

j~O J q 2 L m - j - A J  

- ~  ( - 1 ) J q / - j l m ;  
j~  0 j q2 

xF 2m-2j  ](I+q2A--um+A--J-I--q m+A J)~ 
L m _ j _ A j  (l__q2m 2j 1) 3 
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j>~o J 42Lm-j -A  ( 1 - q  2''-2J-1) 
X (1 __ qZm--2,/- 1 _ _  1 __q2A _ t _ q m + A - j - - I  q _ q m + A - - j )  

- -  

j>~O [- J Aq 2 

• 2m--2j 1 (1--q'~-'~--O(--q2A+qm+A-i -1) 
Lm- j -AA  ( 1 - q  2m :J-~) 

= __q3A_m(l__qZm ) ~ (__)jq:2 j [ r n - - 1 ]  F 2m--2j--2 1 
:>~o J q2 L m - j -  A - 2A 

= _q~(A- I)(1 __q2m) q(A+l)-(m-~t~(m - 1, A + 1, q) (2.45) 

which is (2.40). 
The necessary recurrences have been established to complete our proof 

of (2.340), (2.341), and (2.38) by mathematical induction. 
We now turn to (2.35). By (2.3I) and (2.32), we see that to establish 

(2.35) we need only prove 

q .... 2(bl(q -n, -x;q,o -xqr) 

= ( - x ) "  ~-olim 3~2( q-n' -x,z_1,-x-lq;q,z-2q n ) , r _ l q  

This is merely a limiting case of [Ref. 15; Eq. (10.2)] 

3(~2( q-n'b'c;q'efqn/bc)e,f , = (e/b).(e)_____~_ 3~b2 \{q-~'b'f/c;q'q)q'-"b/e,f 

by taking b=  -x ,  c=  -x-lq, e=~r-t,f=r-lq. 

(2.46) 

(2.47) 

2.5. A s y m p t o t i c s  

In subsequent sections it will be very important to know what happens 
to the q-trinomial coefficients as m ~ ~v: 

lim (rn;A;q)=mlim~ r~ 
m ~  c~ 2 

tim (m;AA1;q)2-1+qA 
-~ (q)~ 

(q)~ (2.48) 

(2.49) 
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1 

lim to(m, A, q) = (q2; q2)o ~ 
m ~ o o  

(_q2; qZ)m 
lim Tl(m, A, q) = (q2; q2)~ 

m ~ x ~  

q-a  + qA 
limoo q mtl(m, A, q) = (q2; q2)~ ~ 

o~(q 2) 
lirn To(m, A, q) = (q2; q2)~ 

m ~ o o  
m - -  A e v e n  

(2.50) 

(2.51) 

(2.52) 

(2.53) 

qfl(q2) 
lim To(m, A, q ) -  (q2; q2)o ~ 

m - + o o  
m 14 odd 

(2.54) 

where 
~(q) = (q; qS)~ (qT; qS)o ~ (q8; qS)o ~ (q6; q16)~ (qlO; q16)~ (q)~l 

= [( _ql~: q24)~ (_q13; q24)~ (q24; q24)~ 

_ q(_qS; q24)m (_q19; q24)~ (q24; q24)m](q)~l 

= �89 _ql/2; q),~ + (q~/2; q)~]  (2.55) 

and 
fl(q) = (q3; qS)~ (qS; qS)~ (q,; q8)~ (q2; ql6)m (q,4; q16)~ (q)L~ 

= [(_qT; q24)o ~ (_q17; q24)o s (q24; q24)~ 

_ q2( _q;  q24)o ~ (_q23; q24)~ (q24; q24)~](q)o 1 

= q 1 / 2 [ (  __ql /2 ;  q ) ~  __ (ql/2; q)oo] (2.56) 

Note that the limits in (2.53) and (2.54) are not taken as m tends to infinity 
through all integral values, but only those values of m of the indicated 
parity are allowed. 

To obtain (2.48) and (2.49), we note 

( A ) qJ(J+m mlim ~ m; ;q = E (q)j(q)j+ 
2 j>~O A 

_ 

[by Ref. 14, p. 576, Eq. (12), ~ = fl = l/t, 

(2.57) 

r=t2q I+B, c=q A+I, t ~ 0 ]  
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Taking (2.35) into account, we see that (2.48) is the case A = B of (2.57) 
and (2.49) is the case A - 1 = B of (2.57). 

Next we treat (2.50): 

lim to (m,A ,q)= lim ~ ( - 1 ) ' q s  F 2 m - 2 j  
. . . . . .  j ) O  [- q2Lm-A-JJ 

_ 1 ~2 (--1)SqJ~=(q;q2)~ 1 
(q)o~ j~o (q2; q2)s (q-~ = (q2;q2)o ~ 

[by Ref. 4, p. 19, Eq. (2.2.6)] 

For (2.51) we see that 

lim 
m ~ c o  

T l ( m , A , q ) =  lim ~ ( _ q ) j [ r n ]  [ 2 m - 2 j  
m~ oo j ~0  j q2 k m  - A  - - j J  

1 ~ (_q)J 1 (_q2;q2)~ 
(q)~ j=o (q2; ~-~j L (_q;q2)~,(q)o~ (q2; q2)~ 

[by Ref. 4, p. 19, Eq. (2.2.5) and p. 5, Eq. (1.2.5)] 

Now, for (2.52) 

lim 
m ~ o O  A z 

q-A(1 + qZA) 
(q2; q2)o v 

by (2.49). 
The limits in (2.53) and (2.54) are the toughest. To obtain them, 

we need the following identities, which are easily obtained from (2.7) by 
reversing the index of summation: 

If m -  A is even, 

2 = ( 2 . 5 8 )  
j~  ( q ) 2 j ( q ) ( , . - A - > / 2  (q)(,~+A->/2 

If m - A is odd, 

q(m A)(m+B)/2+(A B- l ) / z (m;B;q  -1)  
A 2 

q2j 2 + (B- A + 2)j(q) m 
-- (2.59) 
-- ~ (q)2j+l(q)(m-A 1-2j) /2 (q)(m+A--1--2j)/2 j>~O 
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We now prove (2.53): 

lim To(m, A, q) 
m --~ o o  

m - -  A e v e n  

m 2 A 2 - -  1 ) = lira q to(m,A,q [by (2.330)] 
m ---~ o o  

m - -  A e v e n  

= lim q'~'--A~(m;A;q-~) 
.m~en \ A /2 

[by (2.340)] 

qaj2(q2; q2)m % ~P 
j~o (q2; qZ)2J (q2; q2)(,,,-A 2i)/2 (q2; q2)(m+ a- 2j)/2 

[by (2.58)] 
1 ~ q 4j2 

(q2; q2)~ a=o (q2; q2)2 s 

~(q2) 
(q2, q2)~ [by Ref. 17, p. 160, Eq. (83)] (2.60) 

We conclude this section with (2.54): 

lim To(m, A, q) 
m - +  r  

n~' - -  a o d d  

z A 2  = lim q'~' to(m, A, q-l) [by (2.330)] 
m ~ o o  

m - -  A o d d  

= lira qm2_a2(m;A;q-2~ 
mm~ oOOdd A J2 [by (2.34o) ] 

q4s + 4j (q2;  q2) , , ,  

= lim q ~ (q2; q2)2j+ 1 (q2; q2)(m_ A -1-2))/2 (q2; q2)(m+a_ 1--2j)/2 r n ~  j>~O 

[by (2.59)] 
q ~ q4jZ+4j 

(q2; q2)o ~ a=oZL~ (q2; q2)2j+ 1 

qfl(q2) 
- (q2; q2)~ [by Ref. 17, p. 161, Eq. (86)] (2.61) 
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3. R E G I M E  I I I  

In this section we establish the formulas (3.16a)-(3.16d) of II. Our 
approach is to represent the polynomials Xm(a, b, c, q 1) given by (2.6) in 
II in terms of the q-trinomial coefficients given in Section 2. We begin by 
defining 

Fro(j, k, l; q)~ 

= Fm(j, k, l)~ 

= ~ q35~2+(Vk+71 ,0~ 5)~+(j-k~(j-aT~(m ' 7 # + k - j ,  q) (3.1) 

where e = 0 or 1. We then set 

Fm(j, k, l) = F,~(j, k, l)~k,O (3.2) 

where 6(k, k) = 1, 6(k, l) = 0 if k # l, and we define 

po = 1, Pl =3 ,  p 2 = 2  (3.3) 

Then under conditions (2.5a) and (2.6) of II with 0 ~<j, k, l~<2: 

Xm(pj, pk, p t ; q - ~ ) = F m ( j , k , l ) - q  -2j 1 F m ( - j - l , k , l )  (3.4) 

To prove (3.4), we need only establish that the right-hand side satisfies 
the following defining recurrences and initial conditions: 

X o ( a , b , c ; q _ ~ ) = ~ l  for a = b  (3.5) 
otherwise 

3 

Xm(a,b,c;q  1)= ~ qlp ~h/ p '~c)lmX, ' ~(a ,h ,b;q- ' )  (3.6) 
h ~ 4 ~ b  

where, by (3.3), p 1(1)=0,  p 1(3)=1, p ~(2)=2, and throughout 
b+c>~4, 1 ~a,  b, c<~3. 

We remark that (3.6) has been apparently altered from the natural 
recurrences arising from (2.6) of II; however, inspection shows that it yields 
exactly the same recurrences that the function H(a, b, c) yields. Further- 
more, the p-function seems to be the natural one to use in expressing our 
regime III polynomials succinctly. 

To establish (3.5), we note that by (2.8) and (2.9), 

flo if j = k  Fo(j, k, l) = _ j ~ k (3.7) 

and this shows that the right-hand side of (3.4) satisfies (3.5). 

822/47/'3-4-2 
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We now translate term by term the identities (2.16), (2.19), and (2.20) 
into recurrences for the Fro(j, k, l)~: 

Fm(j, k, l)1 

= Fro- l(J, k, l)1 

+qm+k-tFm l ( j , k + l , l ) o + q  m+' k F m _ , ( j , k - l , l ) o  (3.8) 

Fm( j, k, l)o 

= q m F m _ l ( j , k , l + l  ) 

+ q2m+k--t I F m _ 1 ( j , k + l , l + l ) o  

+qt  k+lFm_l( j  ' k -  1, l+ 1)o (3.9a) 

Fro(j, k, l)o 

= qk t+~Fm_~( j , k+l , l__ l )o+qmFm l ( j , k , l _ l )  1 

+ q2m+t k - l F m _ l ( j , k _ _ l , l _ _ l )  ~ 

[by (2.19) with - A  replacing A] (3.9b) 

Fro(j, k, l ) 1 -  qmFm(j, k, l -  1)o 

qk t + l F , , , ( j , k + l , l _ _ l ) ~ + q m + k - t + l F m ( j , k + l , l ) o = O  (3.10a) 

Fm(j ,k , l ) l  qmFm( j , k , l+ l )o  q t+ ' - kF  " - -  - -  r e ( J ,  k -  1, l +  1)1 

q,,,+t+ l -kFm(j  ' k -  1, l)o = 0 

[-by (2.20) with - A  replacing A] (3.10b) 

Next we consider (3.1) with # replaced by -/z: 

F m ( j , k , l ) ~ = q 2 k - Z J F , , ( - j - 1 ,  - k - l ,  - / +  1)~ (3.11) 

Finally we take # into # +  1 in (3.1): 

Fro(j, k, l)~=q4k+9 F �9 m(J, k -~- 7, l+ 3)~ (3.12) 

There are six pairs b, c that are admissible in (3.6). We shall use 
(3.8)-(3.12) to show that the right-hand side of (3.4) also satisfies (3.6) in 
these instances. Let X*m(J," k, l; q - l )  denote the right-hand side of (3.4). For 
b = c =  3, we have 
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X*(pj, 3, 3; q-~) 

=F,,,(j , l ,  1 ) - q  2J - tFm( - j -  1, I, 1 ) 

= [Fm_a(j, 1, 1)+qmFm_~(j, 2, 1)+q"Fm_l(j,O, 1)] 

- q - 2 j - l [ F m _ l ( -  j -  1, 1, 1)+q'F,._ , ( - j -  1, 2, 1) 

+ q ' F m _ t ( - - j - l , O ,  1)] [by (3.8)] 

= X*-,(Pj,  3,3;q-~)+q~X*_~(j ,  2,3;q-~)+q"X*~_,(j,  1,3;q ~) 

which is (3.6). 
N e x t b = 3 ,  c=2:  

X*(&,3 ,2;q  -~) 

= F , . ( j ,  1, 2) - q 2j- ~Fm ( _ j _  1, I, 2) 

= [Fm_~(j, 2, 1)+q"Fm_~(j, 1, 1)+q2mFm_~(LO, 1)] 

- q - 2 j - l [ F , ~ _ , ( - j - -  1, 2, 1 )+qmFm_~(- j -  1, 1, 1) 

+q2'~Fm_~(-j- l ,O, 1)] [by (3.9b)] 

= X*(&, 2, 3; q-~)+q"X* ~(&, 3, 3;q--~)+q2mX* ~(pj, 1, 3; q--~) 

For b=  3, c=  1: 

X*m(pj, 3, 1, q-~) 
= Fm(j, 1, O) - q-2i- *F,,,( - j - -  1, 1, O) 

= [q~"F,,,_~(j, 1, 1)+qZ"F,~_~(j, 2, l)+Fm_~(j,  0, 1)] 

- 'q-2J-~[qmFm_~(-j-1,  1, 1)+q2mF. ,_~(- j -  l,2, 1) 

+ F .~_~( - j -1 ,  0, 1)] [by (3.9.)] 

= q ' X * ~ ( & ,  3, 3; q-*)+q2"X*~(pj ,  2, 3; q-~) 

+X,*,_,(&, 1,3;q -~) 

For b = 2 ,  c=3:  

X*(&, 2, 3; q - ' )  

= F~(.L 2, 1 ) - q - 2 J - ' F m ( - - j -  1, 2, 1) 

= [q'Fm-,(J, 2,2)+q2mF~ l(j, 3,2)+F,.,_l(j, 1,2)] 

--q-2J-l[qmF,._ , ( - j - -  1, 2, 2)+ q2~F.,_ 1(--J- 1, 3, 2) 

+ Fm_,(-- j--I ,  1,2)] [by (3.9a)] 
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= q,.X.(ps, 2 , 2 ; q ) + X . ( p j ,  3,2; q t) 

+q2mEFm t(j, 3 , 2 ) o - q  -2i 'Fro 1 ( - j - 1 , 3 , 2 ) o ]  

=q,, ,X.(pj ,  2,2; q t )+X. (ps ,  3,2; q 1) 

+q2m[q6-ZYF,. l ( - J -  1, - 4 ,  - 1 ) o  

_ q  2j 1Fm_l(_j__l,  3,2)o] [by(3.11)]  

= q~X.(pj ,  2 , 2 ; q - t ) + X . ( p s ,  3,2;q 1) [by(3.12)]  

2, 2; q - l )  

Fm(j, 2, 2) - q -2j- lFm ( __j __ 1, 2, 2) 

[Fro l(J, 2, 2)1 q'- qmF m_ l(J, 3, 2)0 q- qmFm t(J, 1, 2)0] 

_q-2S 1[F ~ 1(__j__l,2,2)1+qmFm_l(__j__l, 3,2)o 

+qmFm 1 ( - j - - l ,  1,2)o 1 

= X .  l(pj, l, 1; q 1 )+qmX.  l(Pj, l ,2;  q t) 

[as in the case b = 2, c = 3] 

For b =  l, c =  3: 

X*(pj, 1, 3; q - t )  

= Fm(j, O, l ) - q - Z J - t F , , , ( - j -  1, 0, 1) 

= [Fm l(J. 1, 0)o + qmF m_ t(J, O, O)t + q2mfm_ l(J, -- 1, 0)o ] 

--q 2J - t [Fm_l ( - - j - -1  , 1 ,0 )o+q 'F ,~  l ( - j - l , 0 , 0 ) l  

+ q2mFm l( - - J -  l, -- l, 0)0 ] 

= X*m(Pj, 3, 1; q - l )  + qm[Fm_ t(J, O, O)t 

+qmFm t( j , --1,  O)o--qFm 1(j , --1.1)1 

__qm ,Fm_l(j ,O ' 1)o1 

= X*(pj, 3, 1; q 1) [by (3.10b] 

Hence X*(a, b, c; q t) satisfies (3.5) and (3.6). Therefore (3.4) is valid. 
We may now easily conclude with limits of X~(a, b, c; q-l) ,  which are 

equivalent to (3.16a)-(3.16d) of II. 

For b = 2 ,  c = 2 :  

x*~(pj, 
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Recall 

and 

Q(q)= I]  (1-qJ)  
j = l  

R(q)= (1 _ q2j- ~) = 1 +qJ 
j = l  = ,  

Then we may rewrite (2.53) and (2.54) as 

(3.!3) 

(3.14) 

1 
lira T o ( m , A , q ) = ~ [ R ( - q ) + ( - 1 ) ;  R(q)] 

m ~ c ~ o  
m - A ~ Z ( m o d 2 )  

(3.15) 

Hence 
lim Fro(j, k, I)o 

m--k + j~k (mod 2) 

= ~ q 35'u~+(7k+71-IOj-5)k~+(j-k)(j-l) 

tl  ev en  

1 
• ~ [R( -q )  + (-1)~ R(q) ] 

"~- ~ q 35'u2+(7k+71-lOj-5)p+(j-k)(j-l) 

~u o d d  

1 
x ~  [ R ( - q ) -  ( -  1) ~" R(q)] 

_ R(--q) {35, 7k+ 7 / -  10j--5, ( j - k ) ( j - l ) ;  q2} 2Q(q 2) 

( -  ly- R(-q) 
+ {35, 7k+ 7 l -  10j-  5, ( j - k ) ( j - / ) ;  q2} 2Q(q 2) 

[in the notation of (2.13) and (2.14) in II] (3.t6) 

Also, by (2.5t), 

1 
lim Fro(j, k, l), = Q(q2) R(q2) {35, 7k+ 7 l -  10j-  5, ( j - k ) ( j - / ) ;  q2} 

m ~ o o  

(3.17) 



318 Andrews and Baxter 

Applying these limits to (3.4), we find that 

lim X m ( P j  , JOk, pk; q -1) 
m * co 

1 
- ( 2 R 2 [ { 3 5 , 1 4 k - 1 0 j - 5 , ( j - k ) 2 ; q  2} Q q )  (q )  

-2-~{35, 14k+ tOj+ 5, ( j +  k +  t)2; q2}] --q (3.18) 

and for 1 ~ k 

lira Xm(&, Pk, Pl; q- l )  
m ~ o o  

m - - k  + j ~  2(mod 2) 

R(-q) 
= ~ [{35, 7 k + 7 t -  10j-5 ,  ( j - k ) ( j - / ) ; q 2 }  

- {35, 7 k + 7 / +  10j+ 5, (j+k+ 1 ) ( j + t +  1);q2}] 

+ ( -  1) ~ R(q) [{35, 7k + 7 t -  10j -  5, ( j -  k ) ( j - / ) ;  q2} 
2Q(q2) 

- { 3 5 , 7 k + 7 1 + l O j + 5 , ( j + k + l ) ( j + l + l ) ; q 2 } _ ]  (3.19) 

Inspection shows that Eqs.. (3.18) and (3.19) provide the large-m results for 
X,,(a, b, c; q-~) discussed in the section on regime III in II. 

4. R E G I M E  I 

In this section we consider the polynomials of (2.6) in II: 

X,,(a, b, c; q) = ~ ' "  ~ qZT'= ~ jH(oj, o~+,,~j+ 21 (4.1 ) 
0- 2 ~rrn 

under the conditions 0 ~ a j ,  O<~qj+aj+~<~2,1<~.]<~m+l, c q = 3 - a ,  
a,,+t = 3 - b ,  a , , + z = 3 - c ,  and 

H(a, b, c) = b (4.2) 

i.e., condition (2.5b) of II. Subject to the above conditions, we see that 
4-b<~c<~3, and otherwise c does not affect the polynomials. To 
emphasize the independence from e, we write 

Y,,,(a, b; q) = X,,(a, b, c; q) = ~ , ' "  ~ qZJV+~ (4.3) 
~2 ~Tm 
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Inspection of (4.1) and the related summation conditions yields the 
following set of defining recurrences and initial conditions (with 
1 <~a, b~<3): 

3 

Y~(a,b;q)=q mO-b~ ~ Ym-l(a, j ;q)  (4.4) 
j ~ 4 - - b  

Yo(a,b;q)=~l  if a=b (4.5) 
otherwise 

Our object is to represent the Ym(a, b; q) in terms of q-trinomial coef- 
ficients. We define for e, ~b = 0 or 1 

~m(J, k; O, 8; q) = q~m(J, k; O, ~) 

= ~ q~4~2+I-4i+s-70'~'(m;7#-j+k-e;q)  (4.6) 
~,=-~ 7 # - j + k  2 

The required representation is 

Ym(Pj, Pk ; q) = q"(l-~(l"k))+ ~(~ k; 6(0, k ), cS(2, k)) 

--q(2j+l)(~--~(O'k))~m(-- j -  1, k; 6(0, k), 6(2, k)) (4.7) 

As in Section 3, we obtain recurrences for the ~m(~hk;4, e) from 
q-trinomial recurrences. 

F rom (2.28) 

q- qrn+j-k~m_l(j, k -  1; ~ + 1, ~) (4.8) 

From (2.29) 

~, , ( j ,k;~,e)=~, , ,  l ( j , k ; ~ , e ) + q m + j - k ~ m _ l ( j , k - - i ; ~ +  l , e+ l ) 

+ qm--j+k ~m--I(.L k + 1; t9 -- 1, e) (4.9) 

From (2.25) 

~m(J, k; ~, l )=qm--l~, ,_l(L k; ~, 1)+  q~-;~m-l(J, k+ 1; ~ / -  1, 0) 

+ ~,~_,(L k- -  I; ~, O) (4.10) 

Replacing # by  - #  in (4 .6)  wi th  e = 0 or 1, we have 

~m(j,k;~,8)=q~(k-J)q~m(--j--1, - k -  1 ; 2 + e - ~ ,  e) (4.11) 
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Replacing # by - # -  1 in (4.6), we obtain 

~,,(j, k; - 1 ,  0 )=  q4j+ 2 ~ m ( - j -  1, k; - 1 ,  0) (4.12) 

Finally, from (2.27) 

~,.(j,k;~h,O)+qm~.,(j,k+ 1; 0, 1) 

-~ , . ( j , k+l ;~ ,O)-qm+, i -k~ , . ( j , k ;g ,+l ,  1)=O (4.13) 

We let Ym(Pj, Pk; q) denote the right-hand side of (4.7), and we now 
verify (4.4) and (4.5) for Ym(Pj, Pk; q): 

y,,(pj, 3 ;q )=~m(  j, 1;O,O)--q2j+l~m(--j--1, 1;0,0) 

=~m-1(J, 1;O, O)+qm-~m-~(j,  2;O, 1) 

+ qm+j-- l ~ m  - l(J~ O; 1, O) 

- q 2 j + ~ [ ~ _ ~ ( - j - 1 ,  1; O, O) + qm-- ~m_ ~(--j-- l, 2; O, l) 

+qm-j-2~m-l(--j--l ,O;1, O)l [by (4.8)1 

= ym_l(pi, 3;q)+ y,,_l(pj, 2;q)+ ym_,(&, 1;q) (4.14) 

which is (4.4) for b = 3. 

Ym(&, 2;q)=qm[~m(J, 2;0, 1)-- q2J+~m(-- j - -  1, 2;0, 1)] 

=q,,{qm l~m_l(j ,  2 ; 0 , 1 )+q2 - j~ , "  1(j, 3;__1,0 ) 

+ 3m--,(J, 1; 0, O)--q2j+l[qm-~,,_,(--j - 1, 2; 0, t) 

+q3+j~,,_l(__j__ 1, 3; --1, 0 )+  ~m- , ( - - J - -  1, 1;0, 0)]} 

[by (4.10)] 

=q"ym_,(&,Z;q)+q "+2 q-~m_l(j ,  3; -- 1, 0) 

_ q4j+ 2~m - 1( --J-- 1, 3; -- 1, 0)] + qmy,,_ ~(&, 3; q) 

=qm[Ym_x(Pj, 2;q)+ ym_l(pj, 3;q) 1 [by (4.12)] (4.15) 

which is (4.4) for b = 2. 

Ym(Pj, l; q)=qm+j[~m(j, O; 1, 0)-- ~ , , ( - - j - -  1, O; 1, 0)1 

= qm+j{~ m_ ,(j, 0; 1, 0) + q" +J~,,_ ~(j, - 1; 2, 1) 

+ qm-J~m l(J, 1; O, 0 ) -  [ ~ , . _ ~ ( - - j -  1, O; 1, O) 

+q"-J-'~C.,_~(--j--1, - 1 ; 2 ,  1) 

+q"+J+lq~m_l(-- j - l ,  1;0,0)1 } 
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: q2"y m_ t(pj, 3; q) + qm+J[q~m_ ~ ( - j -  t, - 1; 1, O) 

+qm--,~m_~(__j__ 1, O; 1, 1)-- ~m--,(--J--  1, O; 1, O) 

--qm--J--~, , ,_t(-- j--1,  --1;2,  1)] 

= q2my~_ ~(pj, 3; q) [by (4.t3)] (4.16) 

which is (4.4) for b = 1. Thus, (4.4) is established for the Ym(Pj, Pk; q). 
As for (4.5) for Yo(P~, Pk;q), we see that this follows immediately from 

the fact that ~0(J, k; 0, e) = 6(j, k). 
Thus, (4.7) is established. 
It is an easy consequence of (4.4) that qm(b-3)Y,,(a,b;q) does not 

depend on b in the limit. Hence, 

lim 
m ~  0"0 

q~,(b - 3) y,,(pi ' b; q) 

= lira Ym(Pj, 3;q) 
m ~  02? 

__  q l 4 k ~  2 -  ( 4 j -  5 ) ~  _ _  q2J+ 1 

Q(q) ~=-~  

[by (4.7) and (2.48)] 

= f i  (1 _ q . ) - i  
n = l  

n~O, + pj ( r o o d  7 )  

q14t~2 + (4J+ 9)# ) 
/ 1 =  - - ~  

(4.17) 

where the last line follows by Jacobi's triple product identity. 

5. R E G I M E  II 

As was pointed out in II, we regain for regime II in our new modet the 
same limits as in our 8VSOS model. (6) We prove this is the case with a 
series of propositions. 

Proposi t ion  5.1. Let d, , ( j ,k , l )  denote the degree of the 
polynomial X,,,(pj, pk, p~,q ). Then, for -2~< :~<2 ,  

dsm+~(j , k, l )=  15m2+ [6c~+k l+( l -  1 ) ( 4 l - 3 k - 3 ) ]  rn+d~(j, k, l) (5.1) 

ProoL This is merely a trivial but tedious mathematical induction 
using the recurrence (3.6). We omit the details. | 
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Proposition 5.2. For j = 0 ,  1, or 2 

q'r l, 3; q) 

: ~ q14112-~gi+z)"[to(m, 7#-~,q)-to(m, 7#-c~-l,q)] 
11= --o0 

Proof. By (3.4) and (3.1) 

Xm(pj, 1, 3; q-~)=Fm(j, O, 1)-q-2J-~F~(-j-  1, 0, 1) 

(5.2) 

= ~ q35"2+(~-~~ 7#-j ,  q) 
I t =  --CO 

- ~ q3S"2-(12+~~ 71~-j- 1, q) 
u ~ --co 

have replaced # by - ~  in the second sum. Consequently,  where we 
replacing q by q-1 ,  we obtain 

q m 2 - J X m ( D j  , 1, 3; q) 

= qm2_j { ~ q-3'/-(2-1~ 7t~--j,q) 
11= --o0 

-- ~. q -35112+(lOj+12)#-j2-j-l+(7/~-j-II2 to(m, 7~--j, q)} 
1~ = --00 

[by  (2.330)] 
co 

= ~ q14"2-(4~+~)~[to(m, 7#--j,q)--to(m, 7#- - j - l ,q )  ] (5.3) 
It = --co 

as desired. II 

N o w  we must  recall some polynomial  definitions (Ref. 6, w 

Xm(a, b, c) = q("+a-b)/4[fm(a, b, c)--fro(-a, b, c)]  (5.4) 

fm(a,b,c)= ~ q 7 2 2 - - a 2 + ( b + i - - c ) ( 1 4 2 + b - - a ) / 4  f D/ 1 ( 5 . 5 )  

;. = _co �89 + a - b) - 72 

x,,(a, 1, 2 ) =  q(m-t)(m+6)/202m(a ' 1, 2) (5.6) 

Proposit ion 5.3. For c~=0, +1, -+2, 

tim q(m~l)--({)--(2m--1)(rn+3)/lOXm(pj, 1, 3; ql/2) 
m - ~ c o  

m ------ ~ (rood 5) 

= lim 22m(2j+ 1, 1, 3) (5.7) 
m ~ c o  

m ~ ~ (rood 5) 
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ProoL By Proposition 5.2 and (2.340) with j =  0, 1, or 2 

q(m2-j)/2Xm(Pj , 1, 3; q~/2) 

~ ( m ; 7 # - e ; q ~  _ ( m ; 7 # - - e - 1 ; q ~  ; 
q Y u 2 - - ( 2 j + l ) # { \  7#--c~ J2 \ 7#--c~--1 ,]23 

/ ~ =  oO 

h = O  

,=_oo m - h + 7 # - j ]  m - h + 7 p - j - 1  

[by (2.35)] 

h = 0  

[by 

h = O  

X 22m_2h(2j+ 1, 1, 2) 

h + l )  m ( - - l )hqmh-2  [h]q-(m-h+Jl/2Xzm_2h(2j+l,l, 2) 
(5.4)] 

[by (5.6)] (5.8) 

Consequently, 

q(m2-j)/2+(m+j)/2 ( 2 m -  1)(m+ 3)/lOXm(Pj, l ,  3; ql/2) 

h = O  

Now in 
nonzero 
difference 5 (Ref. 6, w and (2) the exponent on q in the sum is at least 
(3m - 5)/5 for 1 ~< h ~< m. Therefore, 

l i r a  q(m+l)-(2m-1)(m+3)/l~ , 1, 3; q~/2) 
m ~ o o  

m = c~ (mod 5) 

= lim 22m(2j+ 1, 1, 2) | (5.10) 
m ~ o o  

m~c~ (rood 5) 

(5.9) 

(5.9) we note two things: (1) 22~_2h(2j+ 1, 1, 2) converges to a 
limit as m passes to infinity in an arithmetic progression of 

Finally, we note that in order to know the limiting values of the 
various X,~(pj, p~, Pt; ql/2), we need only know those of Xm(p j, 1, 3; q~/2). 
This is because by (3.6) with b = 3 and c = 1 we have Xm(pj, 3, 1; q~/2); then 
by (3.6) with b--  2 and c = 3 we have X,,,(pj, 3, 2; ql/2); then, by (3.6) with 
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b = c = 3 we have Xm(Pj, 3, 3; ql/2); then, by (3.6) with b = 3 and c = 2 we 
have Xm(pj, 3,2;ql/2), and finally by (3.6) with b = c = 2  we have 
)(m(Pj, 2, 2, ql/2). These observations are made merely by examining each 
instance of (3.6) and using Proposition 5.1 to determine which term 
actually contributes the highest power of q. 

Consequently, Proposition 5.3 establishes results equivalent to 
(3.4)-(3.7) of II. 

6. REGIME IV 

Now we must consider polynomials reciprocal to those of regime I, 
i.e., we need to consider ~m(J, k, 0, ~;q ~) from (4.6). By (2.60) and (2.61) 
w i t h 2 = 0 o r  1 

lim q(m2 ~.)/2~m(j ' k; 0, 0; q - l )  
m -~ oo 

m = 2  ( m o d  2 )  

- R(-ql/2) {21, - 6 j +  1 0 -  14 0 + 14k, ( j - k ) 2 ;  q} 
2Q(q) 

R(ql/Z)(-1)J-~-~ {21, - 6 j +  1 0 -  14 0 + 14k, ( j - k ) 2 ;  q} _ (6.1) 
2Q(q) 

By (2.51), (2.33), and (2.34), 

lim q(~)~m(J, k; 0, 1; q - l )  
r r l ~  o~ 

_ q(~J) { 2 1 , _ 6 j + 3 _ 1 4 ~ + 1 4 k , ( j _ k ) 2 + ( j _ k ) ; q }  
Q(q) R(q) 

(6.2) 

We merely substitute these limits into the limiting case of (4.7) in order to 
obtain the limits for regime IV. 

First we note the reciprocal polynomials for those in regime I are 
defined by 

y2m(a, b; q)~q 2m2+(3 b)m+min(O'a-b)Y2m(a, b; q 1) (6.3) 

Y2m+l(a,b;q)~q2mZ-(b-1)m+min(O'a+b-4)yzm l(a,b;q -1) (6.4) 

The limits are 

lim y,~(pj, 2; q) 
m ~ o o  

1 
({21, 1 1 - 6 j ,  0; q}--  {21, 17+6j, 2j2+2;q}) (6.5) 

Q(q) R(q) 
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lim Y2m(Pj, 3; q) 
m ~ o o  

= lim Y2m+l(Pj, 1;q) 
r n ~ o o  

R ( -  ql/2) 

2Q(q) 
[{21, - 4 + 6 j ,  ( j -  1 ) (3 -2 j ) ;  q} 

- {21, 32 - 6j, - - 2 j  2 + j +  9; q}] 

( - -  1)J R(ql/2) [ {21, - 4 + 6j, ( j -  1)(3 -- 2j); q} _ 
2Q(q)  

- {21, 3 2 -  6j, --2j2 + j + 9 ;  q } _ ]  (6.6) 

and 

limo~ y2,.(pj, 1; q) 

= lim y2,~+l(p;, 3; q) 
m ~ o o  

R( _ ql/2) 

2Q(//) 
[{21, - 4  + 6j, j ( j -  2); q} 

-- {21, 10+ 6j, j2 + 1; q}] 

+ 
( -  1)J R(q 1/2) 

2Q(q) 
[ {21, - 4  + 6j, j ( j -  2); q} _ 

. . 2  + { 2 1 , 1 0 +  ,j,j  + l ; q } _ ]  (6.7) 

These results are equivalent to (3.20a) and (3.20b). 

7. A N  A L T E R N A T I V E  A P P R O A C H  T O  R E G I M E S  I A N D  IV  

As we remarked in II, we have an alternative treatment of regimes 
I and IV, which yields different expressions for the limits in (6.5)-(6.7). 
It appears at this time that the uniformity provided by our q-trinomial 
coefficients will extend to the models with more than two particles per site. 
However, our alternative method may turn out to have other applications, 
so we describe it briefly. 
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We start with a two-variable generating function for polynomials 
Dr,s(a; q): 

~, D~,,(a; q) xry ~ 
r,s >~ O 

- L ( x ,  y )  

q ( i  + j)2 + i2 + (3 - a)i + a(l, a)Jx4i  + 2 jy2 i  + 2j 

= Z (7.11 
</>/0 (x; q)i+ 1 (Y; q)j+ 1 

It is then easy to find simple functional equations for f~(x, y) that directly 
imply 

D r , s ( a ;  q) -- Dr 1,s(a;  q) = q r +  1 - aDr 4,s 2(a; q) (7.2) 

provided r is odd or r > s; and 

Dr.s(a;q)-D .... ~(a;q)=q" ~+a~ r 2,s_2(a;q) (7.3) 

provided s is odd or s > r/2. 
Using these recurrences as well as (4.4) and (4.5), we find for m ~> 1 

Y m ( a , b ; q ) = q  (3 b)mD2m+6 b,m-6(l,a) aO, b)(a;q) (7.4) 

The Dr,,(a; q) can also in certain instances be identified with certain 
polynomials whose limiting behavior is easily discerned: 

AKi(a,b;q)= ~ q~,(2~:~, x+2i,~ a+b 

" I a+b ] (7.5) _ q(2~, l)(K,-,) a--Kl~+i 

These polynomials 
DK, i(0; a, b; q) and in Ref. 19 as 6x, i(a, b; 1, 1). Again recurrences of the 
A~:a(a, b; q) plus (7.2) and (7.3) allow us to prove for - 1  <<.a-b<~2 

appear in Ref. 18 [p. 56, Eq. (2.10) corrected] as 

w h e r e , = l  o r 2 a n d 2 = a - b .  

D,,+ b_ E l a - b -  1/213,a+ b( 3,  q) = zJ 7 ,3(a ,  b; q) (7.6) 

D2b ~(3~. 1)/2,, + b(c~; q) + 6( -- 1, a -- b) q b2+ <2-~)m = A T,~(a _ c~ + 3, b; q) 

(7.7) 
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It is then possible to relate the A7,~(a, b; q) to the Ym(a, b; q) using the 
following easily established identities for the Dr,,(a; q): 

o~2j<~8 

I~2j.<R+I j - 1  DM 2j_ly_2j(a;q) (7.8) 

and f o r a = l  o r 2  

D M + R,M(a; q)= 
O<~2j<.R 

+~  [1 + ( - 1 )  M] q(~_~z=A)2+ 6 ( , , a ) ( ~ )  

+ ~ qJ(M+2-")IR+I-JlDM 2 j - ~ , M - 2 s ( a ; q ) .  
o~2j<~a+l J 

(7.9) 

This concludes the full description of our alternative approach. We 
next provide a prototypical example of how the above actually provides 
useful representations of the Ym(a, b; q): 

m 2,,, F2m -- j ]  
Y2m(3,3;q)=j~oq ~ j ~A7'3(m-j'm--j;q) 

m--I [2?__ l j  1 + E q(2m-l)j A 7 , 3 ( m _ j + l , m _ j _ l ; q  ) 
j=l 

(7.10) 

The regime IV result then proceeds as follows: 

lira y2m(3, 3; q) 
m ~ o o  

= lira q2"2Y2m(3 , 3; q-~) 
m ---~ o o  

[ ;J q-2j(m -j) ~ -2j{m -J)A [i = 2ira q2m 2 m J '1 7,3,J,J; q-l) 
'.-j= 0 

nt- E q-(2m-l)(m-j)  m + j  q (2j+ll(m_j_l~AT,3(j+l,j__l;q_l) 
S=o 2 j + l  

(7.1l) 
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We now replace Av.3(j+ 1, j - 1 ;  q ~) by LJ7,3(jq-2, j - -1 ;  q-~), since these 
polynomials turn out to be identical. Hence 

lira y2.~(3, 3; q) 
m~oo 

q35.2+" 

j=o .=-oo (q)j-7.(q)j+7. 

-I j2+6 
- q  ~ (q)j 7.+3 (q)j+7~--3J 

+ q2j2+2j+l q-(j+Z)(j-1) 
j=0 .= -o~ (q)j+a-7.  (q)j+7. 1 

q35. z- 5o. 
~ q ~ j 2  ~ j ~ 17 

(q)j+5 7. (q)j+7.-4 3 
= ~ q35 .2+ .~  q j2 

.=  -~  j=0 (q)j-  7. (q)j+7. 

. ~  oO 

. =  --oo 

. =  --oo 

q 35"2-- 29" + 6 ~ q j2 

j=0 (q)j-7.+3 (q)j+7.-3 
q j2 + j 

q35. 2 - 2o. + 3 
s=o(q)J+z-7.(q)J+v.  1 

q35. 2- 50. + 18 ~ qjZ+j 
/=o(q)j+5 7.(q)j+7. 4 

(7.12) 

The series with index j are all summable by (2.57): 

qjZ+(B--A)i qA~ qAB 

S=o(q)S-A(q)j+B (q)~ Q(q) 
(7.13) 

Hence 

lim Yam(3, 3; q) 
m ~  

1 { ~ q84~2+.-}_ ~ q84.2-41.+5 
Q(q) . ~ _ ~  .=_~  

-- ~ q84.2 71.+15 ~ q84.2--113.+38} (7.14) 
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As is obvious, (7.14) is quite different from the j =  1 case of (6.6). Of 
course, all the regime IV limits may be done in this manner, and we find 

lim Ym(J, 2; q) 
m ~ o o  

1 
- [{84,28-12j, O;q2}+{84,56-12j, Y-2 j ;q  2} 

Q(q) 

- {84, 28 + 12j, 4./; q2} _ {84, 56 + 12j, 7 + 6j; q2}]  (7.15) 

,limo~ y2,, + a(2. j~(J, 3; q) 

= lim y2,,,+a(2,j~-1(J, t ; q )  
rg~ ~ c o  

1 - [{84,35-12j, O;q2}+{84, V7-12j, 14-3j;q 2} 
Q(q) 

- { 8 4 ,  35 + 12j, 5j; q2} _ {84, 91 - 12j, 2t - 4 j ;  q2}]  (7.16) 

lim Y2m+a(2. j)(J, 1;q) 
m ~ c o  

= lira Y2,~+a(2,.n-.1(J, 3;q) 
m ~ c o  

1 - [{84,12j--V,.(j--1)(j--Z);q2}+{84,49--12j,(3--j)Z;q 2} 
Q(q) 

- {84, 12j+ 7, ( j -  1) 2 + 1; q2} _ {84, 49 + 12j, - 4 j  2 + 2 6 j -  21; q}] 

(7.17) 

As we remarked in II, we have a direct proof of the equivalence of 
(6.5)-(6.7) with (7.15)-(7.17). The proof is somewhat intricate; the primary 
result at work is (see Ref. 20, p. 921 for notation) 

We have not seen this result before; it may be verified by applying 
LiouviUe's theorem to the left-hand side divided by the right-hand side. 

8. C O N C L U S I O N  

The next objective is to extend our work from the n = 3  case to 
arbitrary n. The mathematical tools for this project clearly appear to be 
q-analogs of n-polynomial coefficients, i.e., q-analogs of the coefficients in 

( l + x + x 2 + . . .  + x  . I)N (8.1) 

8 2 2 / 4 7 / 3 - 4 - 3  
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W e  also m e n t i o n  t ha t  the  m a p p i n g  pj def ined  by  (3.3) shou ld  ex tend  as 

follows: 

[ 2 j +  1, 0 ~ < 2 j < n  (8.2) 
PJ = ~.2n - 2j, n ~< 2j < 2n 

a n d  so 

p - l ( j )  = ~ ( J -  1)/2, j odd  (8.3) 

~n - j /2 ,  j even  

This  n o t a t i o n  a l lows us to wri te  (2.5a) of I I  as 

H ( n - a , n - b , n - c ) = - [ p - l ( a ) - p  l(c)l (8.4) 

a n d  this appea r s  to be  the a p p r o p r i a t e  way  to genera l ize  succ inc t ly  

regime III .  
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