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Lattice Gas Generalization of the Hard
Hexagon Model. IIl. g-Trinomial Coefficients

George E. Andrews' and R. J. Baxter®
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In the first two papers in this series we considered an extension of the hard
hexagon model to a solvable two-dimensional lattice gas with at most two par-
ticles per pair of adjacent sites, and we described the local densities in terms of
elliptic theta functions. Here we present the mathematical theory behind our
derivation of the local densities. Our work centers on g-analogs of trinomial
coefficients.
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1. INTRODUCTION

This is the third paper in our series**) on lattice gas generalizations of the
hard hexagon model. In the first paper we noted that it might be possible
to find solvable square-lattice statistical mechanics models corresponding
to Gordon’s®** generalization of the Rogers-Ramanujan identities. This
idea was strongly suggested by the intimate connection between the
Rogers-Ramanujan identities>® and the original solution of the hard
hexagon model.”

In the first paper”) (subsequently referred to as I) we obtained the
solution of the star—triangle relation in the case of two particles per site and
we found the local densities for each of the four regimes as multiple sums.
We note that Kuniba e al. independently obtained this solution of the
star-triangle relation, and that it has now been further generalized,®'? in
particular, to an arbitrary number of particles per site. In the second
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paper® (subsequently called II), we presented the local densities for the
four regimes in terms of elliptic theta functions and deduced the critical
behavior. Here we give the mathematical derivation of the results in IL

Surprisingly, the extensive literature on g-series and elliptic theta
functions failed to provide the mathematical tools necessary for our
derivations. Briefly, what is needed is a g-analog of trinomial coefficients,
ie., the coefficients of x/ in (14 x+ x?)". The literature is sparse on
trinomial coefficients perhaps because they lack both depth and elegance. It
was consequently a great surprise to us that g-analogs of trinomial
coefficients were both the key to the mathematics of our model and fairly
complicated mathematical objects.

Very recently in a brilliant tour de force, Date er al.®" have
generalized the problem yet further, to a double hierarchy of models
specified by two-integer L and N, where L —3 = N > 0. They have shown
that the star-triangle relation is satisfied, and derived (by a method dif-
ferent from ours) the local densities.

2. g-TRINOMIAL COEFFICIENTS

2.1. Fundamentals

We begin by considering the polynomial (1 + x + x?)". The coefficients
of the expanded form of this expression are called trinomial coefficients.¥
We shall not follow Comtet’s notation exactly, since a variation seems
more natural for our purposes:

- n )
I+x+x3)'= ) () x/* (2.1)
J/2

By double applications of the binomial theorem to the second and
third expressions in

(T+x+x?)'=[1+x(1+x)]"=[(1+x)*—x]" (2.2)

we find by coefficient comparison; that

j=—n

h n!
<j)2:h§0h! (h+ D! (n—j—2h)!

el e

h=z0

Furthermore, we easily deduce from (2.1) that

(0,
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OL=CoNA 0D e

Equations (2.3) and (2.4) provide two representations of (%),, and
these lead to six apparently distinct g-analogs:

and

m; B; q) _ "‘”B’(q) 2.7
< 4 ) B @D A D 7
o 2m—2j
Tolm, 4, q) = Z (—1) [ﬂ [m’fA_Jj] (2.8)
2m—2j
S i i I
u ; 2m—2j
tolm, 4, q) = g 1y g/ ’ﬂq [m’fA_fjJ (2.10)
> j_j m 2m—12j
(m, 4, q) = Z (—1)/ [jlz[m_A_j] (2.11)
d —_ 2m—2j
B e
where
A _ A _ B (1_qA+17j)
[BL‘[BJ_E -7 (1)

(4:9),=(A4),={1—-A)(1—-Ag)- (1 -Ag""") (2.14)

If g =1, then each of the above polynomials is equal to ()2 by (2.3) or
(2.4). We next establish the analogs of (2.5) and (2.6) that will be impor-
tant to us.

First we note that each of (2.8)-(2.12) is symmetric in 4 and — 4. As
for (2.7), we note

(’”§3§ q) _ g’V * ),
-4 /5 j;o(q)j(q)ij(q)m—Zjﬁ—A

q(j+A)(j+A+B)(q)m

j=0 (q)j+A(q)j(q)m72j7A

_ A4+ B) (m;B+ 2A§’]>
2

(2.15)
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2.2. Recurrences

There are numerous analogs of (2.6). We present several. First,
Ti(m, 4, q)=T(m—1,4,9)+q" " “To(m~1,4+1,9)
+g" Ty m—1,4—1,q) (2.16)
The proof of (2.1) is somewhat intricate:

T(m—1,4,q)+q"* " To(m—1,4+1, q)

_ Y m—1 2m—2j—2 mia_j|2m—2—2
-z "L e D)
B L [m—1] [2m—2j—1

=2 ‘”[ j Lz[m+A—j] 1)

[by Ref. 4, p. 35, Eq. (3.3.4)]

Hence

Tl(ma A7 ‘I)‘“ Tl(m_ 1’ Aa Q)_qm+ATo(m_ 13 A + 13 ‘1)

i m 2m—12j
j§o (=9 [jlz [m+A—j]

Jm—17 [2m—2i—1
_Eo(_‘”[ J ]qz[mwl—j]

(m=1] @y [1=¢")~(1—=¢g""*)]
— 1)/ )j
Z ( ) [ J :|q2 (q)m+A—j(q)m7A,j

Il

j=0
5 (mq)j[m—l] (@i @™ L =g 4]
j=0 J 42 (q)m-ﬁ—AAj(q)mfAfj
. —1
=q" ") (—l)f[m. }
j=0 J 7

o Dom—y [ g™ )+ g7 (1 - g7)]
(q)m+A—j(q)mAA—j

Jm—1 2m—2j—1
=q’””‘{2(—1)’[ . } [ 7 }
>0 J 2lLmtA—j—1

m—1 2m—2j
Fo =0 [j~1lz[m+A~j]}
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:qm_A{Z(_l)j[m—l] |:2m—2j—1:l
= j o dplm+a—j—1
5 (—1)fqm+f*—f*‘[m_1} [ 2m—2j—2 }}
I J o dplm+A—j-1

- fm—1 2m—2j—2
—g "Z(—w[ }[ - ]
e J p2lm+A—-j=2

=q" "Tom—1,4—1,9)  [byRef 4,p.35 Eq. (3.34)] (2.18)

as desired.
A second g-analog of (2.6) is

TO(m7 A’ q): TO(m_ 1’ A— 1’ q)+qm+AT1(m_ 17 A’ Q)
+g* Ty (m—1,A+1, q) (2.19)

The proof of (2.19) relies on the proof of (2.16); namely, by (2.17)

To(m, 4, q)—q"  [T\(m—1,4,9)+q" " T(m—1,4+1, q)]

- e [GLL
— Y (1) gmats [mfl} 2|:2m*2j_1J

/>0 J m+A—j

Jm=171 (@am_o 1[(1=¢*")=g"" (1 —g" " )]
— 1)/ 2
jgo( ) |: ] }qz (q)m+A~j(q)m—A—j
Jm—=17 (@am_n (1 =g+ )
—1V¥ 2
jgo( ) |: J }qz (Q)m+A—j(q)m-A—j
=g " " To(m—1,4—-1,q)]

t

[ by the last six equations in (2.18)]

Next we consider some recurrences that reduce to tautologies when
g=1. First,

Tl(m7 A’ q)_quATO(ma A, []) - Tl(m’ A4 + 17 ‘])
F@ AT m, A+ 1, ) =0 (2.20)
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We prove this in two steps:

Tl(m, A, q)_ qmiATO(ms Aa 67)

)3 (—q)’[ﬂ [ m =2 }(l—q’""‘j)

/>0 J g m—A—j

o [m=1 2m—2j—1
e ),-‘;(_”[ j Lz[m—A—j—l]
, o [m=1] [am—2i—1
—g") X ( q)[ i ]qz[erA-j] (221)

Jjz0

Also,

Ti(m, A+1,q)—q" """ To(m, A+1, q)

2m—12j .
1— m+A+1—j
JoLwrai Jamere

m—1 2m—2j—1
o7 S e

Equation (2.20) now follows by substracting (2.22) from (2.21).
Next we have two identities for (759),:

m; B—1;q m; B; g B (m—l;B+1;q
= 1—q" 2.23

m; B; q L (mB-2q m—1;B;q
=g 1—g” 2.24
( 4 )2 q < 4 2+( q”) 4 . (2.24)

Each is easily proved. First (2.23):

(m;B—l;q (m;B;q
4 ), \'a ),

¢ " gq) (1 —q’)

= Z
j=0 ) (q)j+A(q)m 2j— A
q(1+1)(]+3)(q)

(q) (Q)1+A+1(Q)m 2j—A4—-2

m—1;B+1;q
Bl__m > ’
q°( q)( A+1 .>2

1>0

gl
-

Il
Vi
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Now, by (2.24)

(m;B;q> ,,,A<m;B—2;q
a ), 1 4 ),

_ qj(j+B)(q)m(1_qm~2j7A)
j=0 (q)j(q)j+A(q)m72j7A
qj(j+B) (q)mfl
- (1— g™
hoa )jgo(q)j(q)j+/4(q)m~2j7,4-1

—~1:B:
=(1—q’“)<m A’B’q>

We close this subsection with restatements of (2.16), (2.19), and (2.20)
for the (™54}, and we add two further recurrences:

mA—1q\  _ (m—1,4-1;q
4 ), 9 A ,

L(m—14+1q m—1;4—1¢q
225
+q< avt L0 a4 ), (223)

(m;A;q) _ mAA<m~1;A—1;q>
4 ), 1 A-1 ),
+qm41(m—1;A—1;q m—1;4+1;q
A ’ A+1

m; A; 3 A; ;A+1; _ —1;4—-1;
() R ) B () Tl (I
A 2 A+1/, A+1 ) A+1 )

) (2.26)
2

(2.27)
<m;B;q> :<m—1;B;q> +quA1+B<m—I;B;q>
4 ), 4 ), A+l ),
+q’””‘<m—jf;1;q>z (2.28)
(1 ()
+q"‘”<m_i;f?1;q)z (2.29)
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Now (2.29) is merely (2.28) with A4 replaced by — 4, B by B— 24, and
(2.15) applied. As for (2.28), we see that

m; B; q <m—1;B;q>
A ), A )

NGy [A—g™) = (1 —g" ¥ )]

j=0 (q)j(q)j+A(q)m~2j—A
_ qj(j+B)(q)m71qm_Zj_A[(l_qj)'i‘qj(l——qj+A)]
j=0 (q)j(q)j+A(q)m——2j—A

q(j+1)(j+1+B)+m—2(j+1)—A(

q)mfl
=0 (CI)_/ (q)j+A+l (q)m~1—2j—(A+1)

+ 2

,>o(‘])j (q)j+A71 (‘])m7172j7(,471)

m—1; B, m—1,B—1,
— gmATIE q g q
A+1 2 A—-1 )

which proves (2.28).

qj(j+371)+m7A(q)

m—1

2.3. Generating Functions

The generating function for (), is quite simple and is given by (2.1).
The related generating functions for the g-analogs are not so simple;
however, they prove useful in applications.

Recall the g-hypergeometric function (Ref. 14, p. 65) given by

() Lt e @

Then

§ oy agd) (";A; r; ‘1) _ 3D g <61_", ~X(;)q, ~xq’) (231)
A= —n 2
To see this, we observe that

S sA=r;
Azzinx +Aq(’21) <n ; r q>2
- j;o g0 [’;] o A;n g3+ L”;/JI]

[by (2.7)]
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=Yy qju~r)[”]xn i xAqu(Agj)+(A~j)J[n;jj!

j=z0 J A= 0
=Y gUsh - [’;] X" —=x),
j=0

[ by Ref. 4, Theorem 3.3, p. 367

I S e B [ﬂ x/(—x);

j=0

RELY =X q, —xq"
D) M(‘f 4 4)

We also have

Z xn+Aq(§)To(n, A, q)

A= —n

=q(”~51) i _xn+4q(‘g) Z (wl)n_-/q,('ij)[nAJ{ 2.] ]

A= —n i=0 J ‘4+f
SVAERDY (~1)""q'(j§‘)[’1.] X" i xt=ig"z”) [Zj]
j20 J A~ 4
n+t . dH X
ARG TP M [ES
jz0 J
_ a ("3 (qhn)j(*x)j(”x.‘lq)jqj(nmn
= -—x)
( ! jZ:O (a);
n —-n IV P —2 .1
= (=) q" ") lim m(q TR IE eT q) (2.32)
=0 T ,T g

2.4. ldentities

There are really only two families of polynomials of interest in
Egs. (2.7)-(2.12). The apparently different polynomials listed there are
related by the following identities:

TAm, A, q~ ) =q* ™t(m, 4, q), i=0,1 (2.33,)

sA~is gt :
(m ) 5Lq )qu‘(’q#m)ti(m, 4, q), i=0,1 {2.34)

ny, A;
to(m, 4, q>=( 9 (235)
2
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Identity (2.33) is quite easy. One merely replaces g by ¢ ' in (2.8) and
{2.9) and then simplifies by using the trivial identity

A _pa-m |4
[o),.= (3] a3

To prove (2.34) it is necessary to prove a third identity also. Define

Loy 2m — Dj
‘z(m’A’Q>=Z<—1>qu’mz[ . ZJ]

/>0 j m—j—A
(1+q2A_qm+A+j—l_qm+A7j) (237)
(1_q2m72j71) '
We shall prove (2.34) simultaneously with
m; A—2;q° o
("4 ET) =t 4.9) (238)
2

We note directly from the relevant definition that
m; B; ¢*
A =’0(ma m, ‘])=11(m, m, ‘I)=tz(m, m, LI)=1
2

and

—my—m)
:q( ) tz(ma —m, Q)

Hence (2.34,), (2.34,), and (2.38) are valid for 4= +m, and for {4| >m
they are the tautology “0=0."

We proceed by induction on m. If m =0, then either 4 =0 or [4]| >0
and both these cases have been established above. By (2.23) with B= A4,

m; A—1;q° m; A; q* o4 m—1;4+1;4>
’ = ’ 1 —g*™ ’ 2.39
( 4 ) ( 4 >2+"( ‘ )< A+1 > (23)
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By (2.23) with B=A4—1

mA_qu mA_1q2 5 m—lAq2
T =0 T ) - 2’”( - > 2.40
< A )2 ( A )2 1 (=47 A+1 2( )

And by (2.24) with B= A

m,A,q2> 2 _A)<m;A"—2'q2 m—lAq2
=g ’ 1—g*" Y 2.41
< 4 )71 4 )2” 1 )< 4 ) (241

Now Egs. (2.39)-(2.41) can be viewed as recurrences that relate

<m;A—i;q2

) >2 (i=0,1,2)

to the same g¢-trinomial coefficients with m replaced by m — 1. Furthermore,
if we regard (2.39)-(2.41) as a linear system in

(m;A—i;q2

4 )2 (i=0,1,2)

then the determinant of the system is

0 —1 1 =1—g¥ (2.42)
1 1 0 4q2m-2A

t—l 1 0

and this expression is nonzero unless 4 =m; however, we have already
disposed of the case 4 =m. Therefore, if we can establish that the right-
hand sides of (2.34,), (2.34,), and (2.38) satisfy (2.39)-(2.41), then we will
have proved the necessary and sufficient recurrences for the induction step
passing from m —1 to m. We have

inmtl(ma A! (I) - tO(m’ A7 Q)

. m
A—m —1YV g/ 7
gt Y (=1 g [le

Jjz0

2m—2j o .
x [mTA _JJ [(1—¢*)+¢g¥(1—g" )]

gt (1= Y (—l)fq.ftj[m—l} 2[ 2m—2j }

/>0 j—1 m—j—A
-, . o Tm—17 [ 2m—2—1
gt =g 3 (gt | MO L
.

/50 m—j—A—1
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= q"“’"(l—qz"’)<— )3 (_1),-q,-2+,-[m_—1l2[ am=-3 -1 J

jz0 J m—j—A-—1

+ (—1)qu2+j[m—1 [2m—2j—1 ])
7=0 J dplm—j—4-1

A—m 2m PR m_l 2m—2]—2 .
(1= g (—qu*f[ . ] [ , S
j§0 J dplm—j—A4-2 1

[by Ref. 4, p. 35, Eq. (3.3.3)]
=g (1—g*) te(m—1,4+1,q) (2.43)

which is (2.39)
Next we treat (2.41):

to(m, A, ¢)— (1 —¢*") to(m—1, 4, q)

oAlm 2m—12j
2, [J‘]qz[m—j—A}

;o oalm ey 2m—2j—2
SOENT Y [

Il

jz0
Ca[m] (@Dam gl — ¢ )
= _..1 I g7 2
j§0( ) q |:j}qz (q)m—ij(q)m—j+A

x[(1=g ¥~ ) = (1—g" =)L —g" /*)]

=q "y (—l)quz‘j[n?] 2

j=0 J

y 2m—2j (1 +q2A—q"‘+A'f*1_qm+Aﬂ')
m__]_A (1_q2m72j~1)

= ¢*" [q" " "1,(N, 4, q)] (2.44)

which is (2.41).
Finally, we consider (2.40):

g? "t (m, A, q)—q* " "15(m, A4, q)

4 ;oA m 2m—2j
=Y (-1 H [ _ ]
{jgo 1 Jlplm—j—A4

o, | m
— _1 J gl 7
jgo ( ) q [j:|42

m—j—A (1—g?m ¥ 1)
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. 2m—72j
g 5] L

L lm—j—a T

X(l_qzm-zj*l_1__q2A+qm+A—j—I+qm+A—j)

.. Am
— gd—m — 1V g/
" Y (—1Yg [Jl,z

jz0
y 2?7’1—2] :l(1_.qmwA—j)(__q2A+qm+A~j—l)
m—j—A (1_q2m72j—1>
o m—1 dm—2j—2
— _3d-—m 1— Zm) ,,...)J jzﬁjl:m ) ] l: ) J
g4 "(1—¢ ;Z,O( q J o dalm—j-a-2
= (1= g 1, A+ 1, g) (245)

which is (2.40).

The necessary recurrences have been established to complete our proof
of (2.34,), (2.34,), and (2.38) by mathematical induction,

We now turn to (2.35). By (2.31) and (2.32), we see that to establish
{2.35) we need only prove

g7 " —x;q, —xq"
q 201 ( 0 >

. ~—n, _x’ __’_x*l ; ,,L.—2 n
= (—x)" lim 3¢, (‘1 oorer ) (2.46)
=0 Tt g

This is merely a limiting case of [Ref. 15; Eq. (10.2)]

q7" b, c; q, efg"/bc\  (e/b), q " b, fle;q, q
3¢2 ¢2

e.f = ¢'~"bje, f ) (247)

(e), ’
by taking b= —x, c= —x7lg, e=1"", f=1"4.

2.5. Asymptotics
In subsequent sections it will be very important to know what happens
to the g-trinomial coefficients as m — co:

(m; 4;q 1

)2 = lim o(m, 4, ) ~ (2.4%)

) mA—1;q 1+g4
lim ( ) = {2.49)
m = o0 A 2 {9

lim

” - oo

A
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1
im to(m, A, ) = —5—s— 2.50
oo (% 9%) (2:30)
. (—9% 9w
lim Tm, A, q) =—5—5— 2.51
m-— oo ! (qzs qZ)oo ( )
—A A
. _ q +q
lim ¢ "t,(m, 4, q) =—5—— 2.52
mooo (054w (232)
2
lim  Tom, 4, q)=— L) (2.53)
o (959 )
2
lim  To(m, A, q):ifﬂz—)— (2.54)
O (4% 97w
where
1(q)=(459%) o0 (47 8%) 0 (6% 8%) 0 (9% 4"%) ("% 7)o (@) 5!
=[(~q": ") (=9 0™ (675 67
(=4 ¢ 0 (=4 ") 0 (74 %) 1(9) 2!
=3[9 D)+ (4" ¢)o ] (2.55)

and
B(@)=1(% 9% (4% %) w0 (% 6% (4% 4"%) 0 (' 6" w0 (9) 2

=[(—9"5 80 (—4"; 8o (* )
0 (=40 0 (=478 (@5 7 0 1(g) 2!
=q "[(—94" 9 — (¢ 9 ] (2.56)

Note that the limits in (2.53) and (2.54) are not taken as m tends to infinity
through all integral values, but only those values of m of the indicated

parity are allowed.
To obtain (2.48) and (2.49), we note

- 4 Jjj+B)
lim <m’ ’q> =%
m— o0 A 2 jzo(q)j(q)]‘FA

1 AB[A— .
_ L [A .B] g’ (2.57)
(@ oL J
[by Ref. 14, p. 576, Eq. (12), x = = 1/t,

T=t2q1+B,c:qA+1, t—>0]
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Taking (2.35) into account, we see that (2.48) is the case 4 = B of (2.57)
and (2.49) is the case 4 — 1= B of (2.57).
Next we treat (2.50):

lim to(m, 4,q)= lim (—1) ¢” [””] [ 2m—2j]

m— o m-—»oojzo ] m—A—]
_ 1 i(—l)/‘qﬂ:@;qz)w: 1
(Do S0 @54, @e (@50
[by Ref. 4, p. 19, Eq. (2.2.6)]

For (2.51) we see that

lim T,(m, 4, q)= lim f (—q)jI:W,l] [ 2”1—2]}
0 92

m— o m—> o0 7 7 m—A—]

_ 1 5 (=g _ 1 (—4% 9"
(Do 7004597, (680 (Do (354°
[by Ref. 4, p. 19, Eq. (2.2.5) and p. 5, Eq. (1.2.5)]

Now, for (2.52)

. ;A1
lim ¢ "t,(m, 4, q)=q * lim (m q)
g1+ 4™
(¢% 9%
by (2.49).

The limits in (2.53) and (2.54) are the toughest. To obtain them,
we need the following identities, which are easily obtained from (2.7) by
reversing the index of summation:

If m— A is even,

. o1 22+ (B~ A)j
g An+ B2 (m’ B q > = g Do (2.58)
2

A /20 (Q)zj (q)(m~A——2j)/2 (q)(m+A-2j)/2
If m— A is odd,

1 4

22+ (B—A+2)j
_y q (@) (2.59)
=0 (q)2j+1(q)(m~A71——2j)/2 (q)(m+Av1—2j)/2

s p. -1
(m— A)om+ B2+ (A—B—1)/2 <m, B; q >
2
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We now prove (2.53):

im  To(m, 4, q)
nt —» 00
m— A even

It

lim g™ *ty(m, 4,47")  [by(2.33,)]
m’—n-:;geen

It

. g2
im g™ A (’"’ 44 ) [by (2.340)]
2

m— o A
m— A even
420 2, 2
= lim ) —— 22q (qJQ)mzz
m = o0 j;o(q > q )21‘(‘] 3 q )(m-—Aflj)/2 (g5 9 )(m-{—A—Zj)/2
[by (2.58)]
1 o q4jl

))

759w S @ )y

2
- (;‘%’2‘))_ [by Ref. 17, p. 160, Eq. (83)] (2.60)

We conclude this section with (2.54):

lim  Ty(m, 4, q)

mnijzgodd
= lim ¢" “1(m 4,¢7")  [by(233,)]
mn—i:;g%d
. ;4977
= lim q*ﬂ2~ffz<m Aq ) [by (2.34,)]
mnj‘:!rg)dd 2
424 4j (2. 2
, q (479" )m
= lim ¢
m—wo }EO (4% q2)2j+1 (g% qz)(m-—Aﬁl—Zj)/z (% qz)(m<l—/1~1~2j)/2
[by (2.59)]
_ g i q4j2+4j
O S e UV o P
2
= P Rer 17, p. 161, Eq. (86)] (2.61)

(759w
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3. REGIME Il

In this section we establish the formulas (3.16a)-(3.16d) of II. Our
approach is to represent the polynomials X,,(a, b, ¢, g~ ') given by (2.6) in
IT in terms of the g-trinomial coefficients given in Section 2. We begin by
defining

Fm(J’ k’ l; q)&

= Fm(ja k, l)e

i

Z q35y2+(7k+71710j75),u+(jAk)(j—I)T6(m’ 7ﬂ+k—j, q) (3.1)

H= —o0
where ¢ =0 or 1. We then set
Fm(j7 k, 1) = Fm(j’ k, l)&(k,l) (3~2)

where o(k, k)=1, 6(k,[)=01if k#/, and we define
po=1, p1=3, pr=2 (3.3)
Then under conditions (2.5a) and (2.6) of II with 0<j, k, /< 2:
Xm(ﬂj’ Pis Prs qu):Fm(.]; k’ Z)Aq_zjilFm(_j_ 17 k: 1) (34)

To prove (3.4), we need only establish that the right-hand side satisfies
the following defining recurrences and initial conditions:

for a=b

1
XO(a7 b, C;q¥l)={

) 3.5
0 otherwise (3:3)

3

Xplaboc;qg )= 3 g0 WO, (ahbigT)  (36)
h=4-—b

where, by (3.3), p~'(1)=0, p '(3)=1, p '(2)=2, and throughout

b+cz4d,1<a, b, c<3.

We remark that (3.6) has been apparently altered from the natural
recurrences arising from (2.6) of II; however, inspection shows that it yields
exactly the same recurrences that the function H(a, b, ¢) yields. Further-
more, the p-function seems to be the natural one to use in expressing our
regime IIT polynomials succinctly.

To establish (3.5), we note that by (2.8) and (2.9),

1 i j=k

0 j#k (3-7)

Fo(Jj, k, 1)={

and this shows that the right-hand side of (3.4) satisfies (3.5).

822/47/3-4-2
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We now translate term by term the identities (2.16), {2.19), and (2.20)
into recurrences for the F,(j, &, [),:
F.(), k1),
= m— 1(j5 ka l)l
+q" T Gk L Do+ g TR, k=11 (38)

F(j, k, Do
=q"F, _(Jk1+1)
+ @R k1, I+ 1),
+q T, (G k—1,1+1), (3.9a)

F.(J k, Do
=g E, Gk 1L, I=1)y+q"F,, (i, k [—1),
+g¥m R R Gk —1, 1= 1),
[by (2.19) with — 4 replacing A ] (3.9b)

Fm(ja k> l)l _qm m(ja kg I— 1)0
¢ Gk 1L, I—1) g I E (G k+1,1),=0 (3.10a)

Fm(j7 k5 l)l—qm m(j’ k’l+1)0_q1+1‘ka(j’k—1:l+1)1
qm+[+1‘ka(j’ k— 13 l)0=0
[by (2.20) with — A4 replacing A4 ] (3.10b)

Next we consider (3.1) with p replaced by —pu:
F.(Gk)y=q*"%F (—j—1, —k—1, —1+1), (3.11)
Finally we take p into u+ 1 in (3.1):
F,(,k D)y=q*"°F,(j,k+7,1+3), (3.12)
There are six pairs b, ¢ that are admissible in (3.6). We shall use
(3.8)-(3.12) to show that the right-hand side of (3.4) also satisfies (3.6) in

these instances. Let X%(J, k, [; ¢ ') denote the right-hand side of (3.4). For
b=c¢=3, we have
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X 3,347
=F,(, L) =g ¥ 'F(~j—1L11)
= Fnals L) +47F, (), 2, 1) +¢"F,, (), 0, 1)]
—q Y F, _(—j—1,1, D+q"F,_(—j—1,2,1)
+q"F,_(—=j—10,1)]  [by(38)]
= X5 0339 )+ X (02,397 "X L 3ig Y

which is (3.6).
Next b=3, ¢c=2:

Xipy3,2:971)
=F, (i 1,2)—q ¥ 'F,(—j—1,12)
=[F, (L2 1)+q"F,,_ (), L, 1)+ ¢""F,,_1(j,0, 1)]
—q VT F o (== L,2, 1)+ q"F, _(—j—1,1,1)
+q"F,_(—j—1,0,1)1  [by(39,)]
= X023, )+ g7 X 10, 3,357 )+ XE_(p, L3¢ 7Y
For =3, c=1:
Xnp; 3, 1,g7Y)
=F (i 1,0)—¢ ¥ 'F,(—-j—1,1,0)
=[q"F, (i L 1)+ ¢ F,_ (12, )+ F,_(;0,1)]
—q TG F (==L, L, 1)+ ¢"F,,_(—j~1,2,1)
+Fp 1 (—=j—1,0,1)] [by (3.9.)]
=q" X5 _p; 3,37 )+ XE _(p,, 2,397
+ X0 oy 1,357
Forb=2, ¢c=3;
Xi(psn 2,397
=F (2, 1)=q ¥ 'F(—j—1,2,1)
= [4"Fp 1(j,2,2)+¢™F,_1(j, 3. 2)+ Fo_,(j, 1,2)]
—q VG F (== 1,2,2) + ¢*"F,_(—j~1,3,2)
+F, (—j—1,1,2)] [by (3.9,)]
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= q"X%(p;» 2, 2,9) + Xh(p1 3, 2597 ")

+ ¢ F1(1:3,2)0—q ¥ Fy (= —1,3,2)0]
=q" X505 22,9 )+ X4 (p; 3. 2,47 1)

+¢*"[q°VF, _(—j—1, —4, —1),

—q ¥, _(—j—1,3,2),] [by (3.11)]
=q"X4(p, 2,297 )+ X5(p;,3, 297" [by(3.12)]

Forb=2, c=2:
Xi(0;,2,2,97)
= F(j,2,2)—q ¥ 'F(—j—1,2,2)
= [Fu_1(js2.2)1+q"F (s 3, 2)0+ q"F_1(J. 1, 2)o]
—q Y F, (== 1,2,2)1+q"F,_(~j—1,3,2),
+q"F, (—j—1,1,2)]
=X5 pp LLg D +g"Xh i(py L2597 )

[asinthecase h=2, c=3]

Forb=1, ¢c=3:
Xolps 1,347

=F,(;,0,1)—q ¥ 'F,(—j—1,0,1)

= [Fp 10: 1,0)o+q"F,_1(); 0, 0), + g™ F,,_,(j, ~1,0),]
~q ¥TF,_(=j=1,1,0)+¢"F,_(—j—10,0),
+q*"F,,_(—j—1, —1,0),]

= X053, 1,47 +¢"[F, (), 0,0),
+q"F, _1(j, —=1,0)0—qF,, .(j, —1, 1),
—q" " 'Fpy 10, 1)]

= XX(p,,3, 197"  [by(3.10,]

Hence X*(a, b, c; g ') satisfies (3.5) and (3.6). Therefore (3.4) is valid.

We may now easily conclude with limits of X,,(a, b, ¢; g~ '), which are
equivalent to (3.16a)—(3.16d) of II.
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Recall
Q(cz«)zjf_f[i (1-¢’) (3.13)
and 3 o
R(q)=}£l1 (1 ~q2f“‘)=j£1l 7 (3.14)

Then we may rewrite (2.53) and (2.54) as

lim  To(m 4, 9)=3 [R(~) +(~1/ R@@)]  (3.15)

m— o
me— A= i (mod 2}

Hence
lim F.(J, kDo

m— o0
m—k+ j=A(mod 2)

o
Z q35p2+(7k+7.u Wi~ S+ -k =8

1 -\
X201 LR+ (= 1) Rig)]
+ i G Ok 571~ 10— St (=)~ )
K iodd
1 N
XWER("Q)*(_I)A R(g)]
R —
= 5&% {35, Tk + 71— 10/ =5, (j—k)(j—1); ¢°}
—1)* R(—
L.,z,@%_ﬂ{ﬁ, Th+71—10j—5, (j—k)(j—1); 4>}

{in the notation of (2.13) and (2.14) in 11 ] (3.16)
Also, by (2.51),

1

mﬁinw F(is ke, Dy xm

{35, Tk + 71—10j =5, (j~ k)i~ 1) ¢°}

(3.17)
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Applying these limits to (3.4), we find that

mlijnoo Xm(pj’ Pr» pk;qﬂl)

1
= [{35, 14k —10j -5, (j~ k)% ¢°
o) R g }
—g Y35, 14k + 10+ 5, (j+k+ 15 47] (318)
and for /#k
hm Xm(pja pks pl;qHI)
m—kfj;j?modm
R(— ) . .
- Zé(q‘g; [{35, T+ 71— 10/~ 5, (j— k)i —D): 47}

— {35, Tk+ T+ 10j+5, (j+k+1)(j+I+1)¢°}]
(—=1)" R(g) ‘ . . 5
g 038 T+ TI—10] 5, (- k) —1); -
S0 [{ )j—5, (Jj g}
— {35, Tk + T+ 10j+ 5, G+ k+ DU+I+1)¢* 21 (3.19)

Inspection shows that Egs.-(3.18) and (3.19) provide the large-m results for
X,(a, b, c; g~ ") discussed in the section on regime I1I in 1L

4. REGIME |
In this section we consider the polynomials of (2.6} in II:
Xm(a’ b, c; CI) - Z .. z qZT:le(ﬂj,ﬂjH,O’ju) (41)
o om
under the conditions 0<o;,, 0<g,+0;, (<2, 1<j<m+1,0,=3—gq,
i1 =3—b 0, ,-,=3—¢ and

H(a, b, c)=b (42)

ie., condition {2.5b) of II. Subject to the above conditions, we see that
4—-b<c<3, and otherwise ¢ does not affect the polynomials. To
emphasize the independence from ¢, we write

Yola, b;q)=X,(a. b cq)=Y ") g=/o+ (4.3)

oz A
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Inspection of (4.1) and the related summation conditions yields the
following set of defining recurrences and initial conditions (with
1<a,b<3):

3
Yola,b;q)=q""" 3 Y, ajiq) (44)

j=4—b
1 if a=b

4.
0 otherwise (4.3)

Yola, bi )= |

Our object is to represent the Y,,(a, b; q) in terms of g-trinomial coef-
ficients. We define for ¢, y =0 or 1

Enls ks ¥, &) =§nlU ks, €)
_ M (=4 S T m;7u—~j+k—8;q> 4.6
Z 1 ( Tu—j+k 2 (46)

= -

The required representation is
Yolpss pis q) = g7 oM OIIE (. k; 6(0, k), 5(2, k)
— g SO (i1 k; 6(0,K), (2, k) (4.7)

As in Section 3, we obtain recurrences for the §,(J,k;4,¢) from
g-trinomial recurrences.

From (2.28)
%m(j’ ka ‘1’9 8) = g’m— 1(j5 k: l//3 8)+qm—8MI$m- l(ja k+ 17 'J/: &+ 1)
" T U k= LY+ 1) (4.8)
From (2.29)
gm(j: k, ?,b, 8): gmfl(.ja k: *f’, 8)+qm+jmk%m—-l(js k- I, w + 19 e+ 1)
+g" I Gk L — L) (4.9)
From (2.25)
gm(ja ka ‘ﬁ: l)zqmﬂlgm-l(j: ka lﬁ: 1)+ qk‘jgm—l(]‘: k+ 15 W - 17 O)
+ &b k=19, 0) (4.10)

Replacing p by —u in (4.6) with ¢=0 or 1, we have

gm(ja k) Vll& S):qz(kvj)gm(_j“‘ 1> "”k_ 1: 2+S_¢3 8) (411)
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Replacing g by —p— 1 in (4.6), we obtain
Tl ks —1,0)=gY"*F,(—j— 1, k; ~1,0) (4.12)
Finally, from (2.27)
&nlls ki ¥, 0)+ 478, () K+ 14, 1)
— Tl k+ LY, 0) =" T FL Y +1,1)=0  (413)

We let y,.(p;, px; ¢) denote the right-hand side of (4.7), and we now
verify (4.4) and (4.5) for y,.(p;, pi; q):

V05 35 9) = &l 1;0,0) —g¥ "' §,(—j—1,1,0,0)
=Fm-10, ,0,0)+¢" &, _1(/, 2,0, 1)
+ g 104, 051, 0)
g [Fm (=1L, 10,0)+ g7 1 F (= —1,2;0, 1)
+q" T, (=i —1,0;1,0)]  [by (4.8)]
=Vt 3D+ V(P B0+ Vi ilp)s 159) (4.14)
which is (4.4) for b=3.
Vol 0y ) =47 (&), 2:0, ) — g7 ' F (-7 —1,2,0, 1)]
=q"{q" 'Fn-1(: 20, 1)+ ¢* 77§, _1(}, 3; = 1,0)
+ w1 50,0) = g7 g7 F (== 1, 2,0, 1)
¢ F (== 1,3, = 1,00+ §pm i (= — 1, 1;0,0)1}
[by (4.10)]
=4V 1P 20+ 4" [§o (43 —1,0)
=gV F (== 1,3 = 1,001+ 4"y, 1(p; 31 9)
=q"[Vm-10;s @)+ Ym-1lp;3:9)]  [by(412)]1  (4.15)
which is (4.4) for b=2.

Ylpjs 150) = 4" [ Fn(), 05 1,0) = §,(—j— 1,0, 1,0)]
=q" N En 10,0 L,0)+ ", (U, -2 1)
+q4"Fm 11, 0,0) = [§ 1 (—j—1,0;1,0)
+g" T (=71 12 1)
+q" M, (= 1,1;0,0)1}
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=0V i(pp 3+ " (i (=1, =151, 0)
+¢" ' (=L O L 1) = F, (== 1,0;1,0)
_qméj—lgmml(wj_' 1} "152; 1):‘

="V p;359)  [by (413)] (4.16)

which is (4.4) for b= 1. Thus, (4.4) is established for the y,.(p;, px; ).

As for (4.5) for yo(p;, pi; g), we see that this follows immediately from
the fact that o/, k; ¢, e)=0(j, k).

Thus, (4.7) is established.

It is an easy consequence of (4.4) that g™~ Y, (a, b; q) does not
depend on & in the limit. Hence,

lim ¢~ 2Y,(p;, b; q)

m — o0

= lim Y,(p;,3;9)

1 ( = 14pl — (4 —5) 2/ +1 = 142+ {4/ +9)
— g y ﬂ_ql g i+ 9 )i
Q(9) ,l}j‘.m ﬂ:z_w

[by (4.7) and (2.48)]

- 1 g (4.17)

where the last line follows by Jacobi's triple product identity.

5. REGIME i

As was pointed out in II, we regain for regime II in our new model the
same limits as in our 8VSOS model.'®) We prove this is the case with a
series of propositions.

Proposition 5.1. Let d,.(j,k [) denote the degree of the
polynomial X,,(p;, pr, p13 ¢ "). Then, for —2<«<2,

s olds Ky Y= 15m + [60+ kil + (I — 1) (4 =3k —3)Im+d(j, k) (51)

Proof. This is merely a trivial but tedious mathematical induction
using the recurrence (3.6). We omit the details. §
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Proposition 5.2. Forj=0,1, or 2

qmlﬁj m(pj: la 3;4)
= Y @I ORrg(m, Tu—a, q)— to(m, Tu—a—1,4)] (5.2)

H= -

Proof. By (3.4) and (3.1)
Xolpy 1,357 ) =F,(J,0, )~q ¥ 'F,(—j—1,0,1)

_ Z q35u2+(2~10j);4+j(j—I)To(m7 Tu—j, q)

=

_ Z q35[42—(12+Ioj)ﬂ+j2+f+1T0(m,7#_j_1’q)

pom= — o0
where we have replaced p by —p in the second sum. Consequently,
replacing g by ¢ ', we obtain

g7 X5 1, 3; 9)

o0
2__ 5 — 2 (2 10— A+ 1Y .
= g" J{ Z q 35pf ~ (2 10— jo + j+ (Tu— ) ’"to(m,?’,u-g,q)
uw

= —o0

oD
352 (104 1) — P j= 1+ (T — j— 1) = m? .
_ Z q po (W + 12— o =T+ (T —j— 1) mto(m:’hl"ﬁq)}

= —co

[by (2330} ]
= Y @G Lag(m, Tu—j, g)— tolm, Tu—j— 1, )1 (53)
= —o0
as desired. |}
Now we must recall some polynomial definitions (Ref. 6, §2.6):
Xpla, b, ¢)=q" LS, (a, b, ¢) = fu(—a, b, )] (5.4)

wla, b, c)= S 712~a},+(b+1-(')(14/”,+b—a)/4[ m ] .
fula b= Y g Wm+a—b)—72) )

Xpla, 1,2) = gm—Dim+6y208 (451 2) (5.6)

A= QO

Proposition 5.3. Fora=0, +1, +2,
lim q(m;1)_({)_(2m~1)(m+3)/10xm(pj, 1,3 qlfz}
nr=gq {mod 3)
= im  £,,(2/+1,1,3) (5.7)

m— o0
m= o (mod 5)



Lattice Gas Generalization of Hard Hexagon Model 323

Proof. By Proposition 5.2 and (2.34,) with j=0, 1, or 2

g IRX (p, 1, 359"

- S m; T — o q m;7/,t——<x»—1;q)}
= w2+ 1 —
Pzzwq (2 + )u{( Th—a )2 ( a1 ),

- éo(_nhth*(h?)[ﬂ

g7 e <[ 2m—2h _[ 2m—2h :D
e o m—h+Tu—j m—h+Tu—j—1

X
IngE!

by (2.35)]
) (—l)hq'"h"(h?)F',:’]q*“"*“f’”xm_zh(zjjul, 1,2)
h=0 L
(by (54)]
_ hZ:":O (—1)" th*(hgl) :Y:: q~(m~h+j)/2+(2n172hf1)(m~h+3)/10
X Ko 22/ +1,1,2) [by (5.6)] (5.8)
Consequently,

2— )2 /2 — (2m—1 3)/10 . 172
q(m N2+ (m+ j)2— 2m—1)(m+ 3)/ Xm(pjs 1’3,q /)

= Z (_ 1)h q3h(2m~h)/1077h/10 I:}Z] )22m—2h(2j+ 19 17 2) (59)
h=0

Now in (5.9) we note two things: (1) X,,,_..(2/+ 1, 1, 2) converges to a
nonzero limit as m passes to infinity in an arithmetic progression of
difference 5 (Ref. 6, §2.6), and (2) the exponent on ¢ in the sum is at least
(3m —5)/5 for 1 <h<m. Therefore,

. +1 _
lim q(m2 )_(Zm 1)(m+3)/10Xm(pj’ 1’ 3’ ql/Z)
m — o
m=wx (mod 5)

= lim %,(2/+1,1,2) § (5.10)

m — oo
m=g (mod 5)

Finally, we note that in order to know the limiting values of the
various X,.(p;, px. P13 4"*), we need only know those of X,,(p;, 1, 3; ¢"%).
This is because by (3.6) with b =3 and c=1 we have X, (p;, 3, 1; ¢"/%); then
by (3.6) with b=2 and c¢=3 we have X, (p;, 3, 2; ¢'/%); then, by (3.6) with
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b=c=3 we have X,(p;, 3, 3;¢'%); then, by (3.6) with b=3 and c=2 we
have X,(p;,3,2;¢"?), and finally by (3.6) with b=c=2 we have
X,.(p,, 2, 2; ¢"*). These observations are made merely by examining each
instance of (3.6) and using Proposition 5.1 to determine which term
actually contributes the highest power of q.

Consequently, Proposition 5.3 establishes results equivalent to
(3.4)-(3.7) of IL

6. REGIME IV

Now we must consider polynomials reciprocal to those of regime I,
i.e., we need to consider §,,(j, k, ¥, &;¢ ') from (4.6). By (2.60) and (2.61)
with =0 or 1

lim ¢ ="2F, (j, k¥, 0,97")

m— o
m=2A(mod 2)

R(—q'?) : )
=T 1, 6+ 10— 14y + 14k, (j— k)
2000) { j + Y+ 14k, (j—k)* q}

R(ql/Z)(_l)jak—). . | §
20(q) {21, —6j+ 10— 14y + 14k, (j— k)% q} . (6.1)

By (2.51), (2.33), and (2.34),
Tim ¢, kv 197
427

01, —6j+3— 14y + 14k, (= k) + (—k); .
O R 2 T3 I Mk kP ki g)(62)

We merely substitute these limits into the limiting case of (4.7) in order to
obtain the limits for regime IV.

First we note the reciprocal polynomials for those in regime I are
defined by

Vom(@, by g) = g¥+ GO rmin®a=bly, (g p;g=") (6.3)
Vom (@, by q)= g~ - Dmemin@arb=Dy,  (q,b;q7")  (64)

The limits are
Tim y,(p;, 25 9)

1 N o
= o R (BL =6, 0g) — 2L 1746127+ 2:4)) (65
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im y,,(p;, 3; 9)
= o0
= lim y2m+l(pj’ L; )
n — 0

R(—q'") o -
= —— {21, —4+6 (j— 13 —2));
000) ({21, —4+6, (j—1)3—-2)): 9}
—{21,32—6j, =2 +j+94}]
(—1) R(¢"?) .. ;
2 T T2, —44+65, —1D3—2);q9)
2000) [{21, =4 +6j, (j—1)(3—-2/);q}

— {21,326, =277+ j+9% 4} ] (6.6)

and
lim  y,,.(p; L5 q)
= lim y2m+1(pj’3;Q)

R(—q'"*) N
=279 Jrof 446 j(j-2);
2000) [{21, =446, j(j—2): g}

—{21,10+6j, >+ 1;4}]

(=1)'R(¢"?)
20(q)
+ {21,104+ 6j, 2+ 1,4} _] (6.7)

[{21, —4+6/,j(/—2): 9} -

These results are equivalent to (3.20a) and (3.20b).

7. AN ALTERNATIVE APPROACH TO REGIMES | AND IV

As we remarked in II, we have an alternative treatment of regimes
I and IV, which yields different expressions for the limits in (6.5)-(6.7).
It appears at this time that the uniformity provided by our g-trinomial
coefficients will extend to the models with more than two particles per site.
However, our alternative method may turn out to have other applications,
so we describe it briefly.
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We start with a two-variable generating function for polynomials
D, {a; q):

Y. D, a;q)x"y*

rsz0
falx, ¥)
G+ 42+ B —a)i+6(1, a)j 4 +2j 2 +2f
q X 34

= 71
Z )i i) (1)

i

It is then easy to find simple functional equations for f,(x, y) that directly
imply

Dr,s(a; q) - Drf l,s(a; ‘1) = qr+ ! ~aDr74,x72(a; Q) (72)
provided r is odd or r>s; and
Dr,s(a; Q) - Dr,s— I(a; ‘Z) = ‘IS7 ! +§(1’0)Dr72,s*2(a; CI) (73)

provided s is odd or s>r/2.
Using these recurrences as well as (4.4) and (4.5), we find for m>1

Y,{a, b;q)= q(3ib)mD2m+6fb,m\5(l, 2—s1, 0)(@ q) (74)

The D, (a;9) can also in certain instances be identified with certain
polynomials whose limiting behavior is easily discerned:

AKi(a’b;q)——— Z q#(zKuK+2i)[a+b }

pe o a— Ku
% ou-nmu-n| atb 75
H:Z_wq [a——K/H—i] (7.5)

These polynomials appear in Ref. 18 [p. 56, Eq. (2.10) corrected] as
Dy (0;a, b;q) and in Ref 19 as d4,(a, b;1,1). Again recurrences of the
A {a, b; q) plus (7.2) and (7.3) allow us to prove for —1<a—b<2

D,y [la—b— 1/2|],a+b(3’ q)= A7)3(a, b;q) (7.6)
Doy i 1)/2,u+b(°‘; q)+o(—1,a—"b) qb2+(2_a)m =A7,a(a—°‘+ 3,b;q)
(7.7)

where =1 or2and A=a—b.
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It is then possible to relate the 4, ,(a, b; g) to the Y, (a, b; q) using the
following easily established identities for the D, (a; q):

) ol R=J
DM+R,M(a;q): Z qj(M+3 )[ j :'DM~2j,M/2j(a;q)

0<2Y<R
R—j
j—1

+ Z qj(M+2—a)[

1S2/SR+1

} Do yorm—slaq) (18)
and for a=1or 2

) ol R—J
DM+R,M(a;q)= Z q(”l)“"‘“rl )|: j ]{Dm~2j~4,M—2j—2(a;q)
<R

0<2<

+% [1+(=1)"] q(M;ZZI:l)2+5(1,a)(M;ZZI:_2,)}

s o TRH1—
+ Z q/(M+2 )[ ) }Dsz~1,M~2j(a; q)
0<2/<R+1 J

(7.9)
This concludes the full description of our alternative approach. We

next provide a prototypical example of how the above actually provides
useful representations of the Y,.(a, b; q):

& i | 2 — . )
YZm(3,3;q)=Zq2”’{ j ]Am(m—J,m—J;q)

j=0

m 1 1 2m—j , .
Vs qumﬁl,j[j_l ]47,3(m—,+1,m~1—1;q) (7.10)
j=1

The regime IV result then proceeds as follows:
hm yZm(3, 37 4)

= lim ¢*"Y,,(3,3;¢7%)

i w2 | e aimen | T i S
T {z 4 ,)[ N ]q 2D gL g
m-+ o j=0 ]
m_1 Sm+j , -
+ —(Zm-l)(m—j)l: —@+DHim—j-1) 4 i+ 1, j—1:g7 !
jgoq 2%+ 1 q 7,3(]+ > J 1)

(7.11)
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We now replace 4,5(j+1,j—1;¢ ") by 455(j+2, j—1; ¢~ "), since these
polynomials turn out to be identical. Hence

hm y2m(3a 3a (])

9] 350+ p

= i q¥ {q-jz Y 9
=0

f= —oo (q)j—7u(q)j+ T

IPIVES U |
b= —o0 (q)j77u+3 (Q)j+7,h3

+ i q2j2+2j+1{q—(j+2)(j71) i q35u2—20u
j=0 u:_oo(Q)j+2-7u (Q)j+7,‘71
~q-j2—j+17 i q35,u2f50u }
f= —oo (@) 457, (9); 4704
_ {Z“ q35”2+” - qu
f— —o0 j:o(‘I)j~7u (q)j+7u
_ i q35/12\»29u+6 - qu
p= —o0 j:o(q)j—7,u+3(q)j+7uf3
+ i q35y2~20u+3 i qu+j
p=—o o @27, (@) 47,1
_ i q35u2_50u+18 i qj2+j (1.12)
= —oo ,;:0(4)j+577u(Q)j+7#74
The series with index j are all summable by (2.57):
o0 qj2+(B—A)j qAB qAB (713)

,-go @, 2 @rs @a 0@
Hence

lim y,,(3,3;q)

1 { ] Qau? el )
= ,u+p+ 84pu”—41pu+5
0@ HZ q Y 4

_ i q84u2771u+15_ i q84u2—113u+38} (7‘14)

u=—00 pH= —oo

= —0 pH=—w
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As is obvious, (7.14) is quite different from the j=1 case of (6.6). Of
course, all the regime IV limits may be done in this manner, and we find

n}ijnoo YulJ, 2:9)
= 3 )[{84 28 —12/,0; >} + {84, 56 — 12j, 7 — 2j; ¢*}
— {84,284+ 12], 4j; ¢°} — {84, 56 + 12, 7+ 6j; ¢°} 1 (7.15)

lim y2m+é(2 ])(.}a 3 Q)

m = Q0

= l1m Yom + 82, )~ W1 g)

- [{84,35—12/,0; 4%} + {84, 77— 12j, 14 — 3j; ¢*}
0(q)
— {84,354 12j, 5 ¢°} — {84, 91 — 12, 21 — 4j; ¢*} ] (7.16)

ﬁmoo Vom+ sz ys 15:9)

Nt —

= limoo Vam+ 52, -1l 359)

Bt —

= 5 )[{84 12/ =7, - —2); ¢} + {84, 49— 12/, 3 —j)*; 4°}
— {84,127+ 7, (j—1)2+1; 4%} — {84, 49 + 12j, —47 +26j— 21; ¢} ]
(7.17)

As we remarked in I, we have a direct proof of the equivalence of
(6.5)-(6.7) with (7.15}(7.17). The proof is somewhat intricate; the primary
result at work is (see Ref. 20, p. 921 for notation)

n 0,(u, ¢*) 05(u, ¢°) B4(u, ¢°)
0 (n-Foa)0afu+5a) - — o (19

We have not seen this result before; it may be verified by applying

Liouville’s theorem to the left-hand side divided by the right-hand side.

8. CONCLUSION

The next objective is to extend our work from the n=3 case to
arbitrary n. The mathematical tools for this project clearly appear to be
g-analogs of n-polynomial coefficients, i.e., g-analogs of the coefficients in

(T+x+x2+ - +x" Y (8.1)

822/47/3-4-3
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We also mention that the mapping p; defined by (3.3) should extend as
follows:

p={HTL  OsA=n 82)
2n—2j, n<2j<2n
and so
—1)/2, i odd
piy={UT 2 (8.3)
n—Jj/2, J even
This notation allows us to write (2.5a) of II as
Hn—a,n—b,n—c)= —|p~'(a)—p ' (c)] (3.4)

and this appears to be the appropriate way to generalize succinctly
regime III.
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